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InTROPTTCTIOW 


The CalculViS oT has asGU'nod. an increasingly 

important role in modern developments In analysis^ geometry, 
and physics. Originating as a ctndy of certain maximum and 
minimum problems not treatable by the methods of eleraentar;r 
calcnlus, variational calculus in its present form provides 
powerful methods for the treatment of differential equations, 
the theory of invariants, existence theorems in geometric 
function theory, variational principlos in mechanics. Also 
Important are the applications to boundary valr.o problems in 
partial differential equat.Lons and In the numerical calcula- 
tion of manjr types of problem which can be staled in varia- 
tional form. No literature representing these diverging view 
points is to be found among standard texts oil calculus of 
variations, and in this course an attempt vrlll be made to do 
.justice to this variety of problems. 

The sub.ject matter with which ca.lculus of variations Is 
concerned is a class of extremum (i,e, maxlmini oi' minimum) 
rrobloros which can be considered an extension o d iVic familiar 
class Cl extremum probl.cias dealt vjl/th by e] emesrear p differen- 
tial calculus. In tne elementary problems oiio seehs extremal 
values of a function of one or more (but In sliij case a finite 
number) real variables. In the moi''G .general problems con- 
sidered by calculus of variations, the functions to be 
oxtremized, sometimes calico func+'ionals , have firictions as 
indvopondont variables. The area A(f} belo'.^ a c/iirve y = f(x), 
for example, is a functional since its val^o depends upon a 
whole function f. (It is possible to treat a fi.mctici.ial as a 
■function of an enumerable set of Fourier coef f'iclents, but 
this attack usually leads to almost insuperable difficulties. 

One of the earliest problems of this type was the iso- 
perimetric problem considered bj?- the ancient G-roeks. This is 
to find, among all closed curves of a given length, the one 
which encloses the maximum area. It is Intuitively evident 
that the solution is a circle, but this fact has been 
satisfactorily 



proved only In recent tiroes, and the corrospondln^ theorem con- 
cerning the sphere is even more difficult. 

Tlio riodoT^n development of calcrxlus of varl-atiorcj howevey, 
began in l(3v6 with the f emulation of the hracdiistochrone prob- 
lem by Jol'in I'iornculli. This problen is to find, ainong a].l curve 
connecting two given points, that one which has the property 
that a particle sliding along it under the action of grevity a- 
lone falls from one point to the other in the least time. This 
problem encited great interest among the mathematicians of that 
day, and gave rise to a train of research which is still con- 
t inulng . 

Subsequent developments in classical calculus of varia- 
tions v’oi’e the derivation of necessary conditions for an ex- 
tremum ( corresponding to bhc conditions grad f . . ,x^)= 0 

for a function f of n variables) b;’’ Tuler and more rigorously 
by Lagrange; an;?i the development of sufficient conditions 
(corresponding to the consideration of the quad.is.'t lo form in 
second derivatives of f (x, ,x,,, , . ,x ) at a stationary point) by 

X ^ J I 

Hamilton, Jacobi, and otJiei's; cxxlminatlng in the completion of 
this theory by i/eierstrass . 

The broi'. ior aspects of physical variational principles 
were first set forth by M.aupertuis, and v;cre given a firmer 
fouiidatlon by the work of Euler, Hamilton , J^icoiii and Oatiss. 

Me will now consider the mathem.aticixl formulation of 
several problems; 
a) The Brachistoclirone 
A particle P 

slides under the Influonoe 
of gravity along a curve 


connecting A and 


The 


velocity v at any point 
is given by 



V 


ds 


/.2gu 


so that, the tlme.ofc fall T ii' 





T = 


_ f 

J(A) 


at = 


r 


(A) 


/2zn 


Siipposs the ctirvo is ^iven by u = f'(x), whei'-e f(0) •- 0, 

f(x^) = , ana f(x) is assumed to bo piecewise differentiable, 

g. 

Then cis = yl + u’ d:c. Hence the solution of the problem can be 
obtained by finding the function u = f(x) 'which minimizes the 
integral T(a functional) 



Bernoulli obtained the solution to this problem using cai entirely 
different line of reasoning. He approximated the path u = f(x) 
by a series of line segments dividing the distance fallen into 
equal parts^ tlie 
particle velocity 
being assumed 
constant tluongli- 
out each segment. 

It is an elementary 
exorcise In calculus 
to derive Snell's 
law of refraction 



sin i 
v« 


sin r 
v_ 


= const. 


as the condition for the path of minimum time across a discon- 
tinuity. Taking the limit as the segments are made smaller, 
Bernoulli argued that the curve would be given by 

^ = constant 

/2gu 

which Is indeed the correct ansv/er, characterizing the cycloid. 
Of course, Bsrnoiilli^s solution is only an indication rather 



since 


4 


than a proof, since 
:iG neitl'icer j ns t if led 
the Uniting process, 
nor sliorod that his 
solution v/as unique. 



0 *h 2. u • 


h ) Hlnlmuin Area of a Surface of P.evolutlon 
Consi'ier the 
surface qcncroted 
by revolvinq thie 
curve AB about the 

^ a- O • X J. vj - j.'w/ 

e qua t icn of t] lis 
curve js 7=:f(x}, 
nliero f(‘c.j^)= y 

and f(xn)= foj -tid 

4^ <C 

f is piocevj'lse differentiable, then tlio area of the surface Ie 
given by the functional 



1(f) 



-'"1 


/' o 

f /I + f ’ do:. 


The problem., then, is to determine f no tiint 1(f) is a min.i-mun. 
The problem cam be ’’solved" physically b^r stretcliing a soap film 
betv’eon the t’ro circles (made of vvii’e) at A and B. S‘.j.rfnce 
tension in tlic fi].m will jiinini/Ce the ".rGn, 


c) 


The curve of s.hortest length coiinccting two points in a- 
plane is a strairfht line. This need not bo trfnon as rm axiom, 
but can be proved. Similarly, on tho nurfaco of o sphere, tlie 
cui’ve of least length is the arc of n great circle. In general, 
on any surface, the cu3.’ves of least length connecting pairs of 
points are called geodesics and their doteralnsition leads to 
problens in calculus of variations. In case tho surface is 
developable ■( i, e_. one v.'h.ich can bo deformed into a plane v/ithout 
altering length-’^e.g, a cone) tho geodesics are given by the - 



corr>e,'5pondin:'; stj'-ai'',ht lijies in bhe piano. 
ri ) The loonorlnetrlc Pro ''■Ion 


Consider a plane 
closed ciirve ^iven In 
parariotric fom by 

X = f(t) 

7 = G(t) 

v/here f and n liave 

continuous. 

piecenise/ der- ii'at Ives, 
are of period 2tT In 
and tho curve :ias a yiven 



lenftth L, 


X 


The problera. 
d it Ions, the* 


T - r 

Jo ' 


' 2 . 

"vT 




is to find, ainonT; all f ami a; 
nair that narnxilzes the area 


these con- 


1 f • ■' • 

A = - ( (xy - 7?:)dt. 

^ 0 

This problem is different from the foreg;oing three problems in 
that ne seek to extrsmize a functional A of t"fO variables (the 
functions f and p) subject to a prescribed con'lition, L = cons-^ 
All such problems in calculus of variations are called isoperl* 
metric problems ,* tlio analogy vnith the corresponding elementary 
problem of extremizinp a fmetion P(x,y) of two real variables 
subject to an aitxiliary condition, say G(x,y) = 0, is evident. 
We v,'ill novf prove that the circle, i.e. 


f(t) = a^sin t + CgCos t 
p(t) = agSin t - a^cos t 

maximizes A, subject to L = constant. Consider the expression 

t,2 ” 

I - iir 


ant. 



- G 


For the circle, 1 = 0. ’te then wish to stiOr/ t]iat I 
other cxu'vea. Let t = 2 /I f- , '.vhers s is arc length. 

Ij 


<•0 . 2 / . _2 


+ -f ~ s 


4 Fr, 


and 


p ■ - -PTr 


4n 2 J 


(x^ + F ) dt, 


0 


Hence 


I - i I + 7^') - (xy - 7^0 J dt 


2 Jo 


0 


^2 /• ' n 2 . /• 

i (x + y) + (7 - x) -r (:■ 


O O f 9 

- x^) + (y^ 


Since 


(x + x)'" + (y - x)*^ ii 0, v;o xvill consider 


I = (x^ - x^)dt + [ 

^ Jo * 


1 7 - 7 ) 


0 


Tinder the conditions Imposed, me may expand 
Fourier series 


no 


/•>, n ^ 

n=0 


(a'cos nt + V sin nt) 
n=6 n 


By taking the center of Brevity or the curve as ojah 

(l.e. ixsanslatlnr tlie axes r ^ 7 =^7+7^ 


f 

Jo 


21 T ^ ^ 

X dt 


2y 


y dt = 0 


0 


we have 


a. 


ao = 0 . 


> 0 for all 
Then 



dt. 

X and y in 


oriyin 
) so that 



7 


Tlion, droppin.'^ tho prime S; 


:c-)dt - TT i n-(a;; + V 
n-1 


* r* ^ 2 

, rf-ccir + y') - « + b”) 


diich in rositlve ’oml 


ess a =0 =0 for n > 1, l.o. lailess 

n n 


X ~ a-, cos t + d, sin t, 


Similarly 


! ( - x''" ) dt > 0 

i ' lU 1/ ' 


unless 


a-I cos t + 'b-I sin t. 

L 


But In case x and y c\re loth of this form, >/e ns’/s 


1 u*- 


(-iT 

(t - i It 


= A f ’"l " "l'^'^' ^"'-1 " ""l -i 


nhich is rero only iJ 


.y ' n' ' - , 

Ui^, 


hence I > 0 imilf 


X = a^cos t + b^sin t 

y = b^cos t - ^ 


which are tlae oaranotric equations of a circle. 


In all the problems t3iat we have connldered so far we 
have tficitly assumed that they mahe sense^ ie^^'ythab a solution 
exists. However, this is by no means alv/ays the case. For 



exanple, ccnr. ixei- tlie intef;ral 

cix 

1 +r:^' (x)] ^ 


where ij> is subjiect to the conrl 
two points A end 3, and let us 
pieoewise difroi^entiahle frnct 
siininiaes I((4)r By inspection 

0 < I 



tion that; it pass th,nou~]a the 
try to find a nontlnuciis and 
.on \'/hich eitlior max in Is cs or 
we see that 

< 1 


oince tlio into''’rand is positive and always less th.an or.e. 

However from -lie fip’ore it in ea3''ly seen that t;/' plchir;'; point 
C very close to x ~ 1 v .'3 can nalre I take values as close to 
unity as '..'e please I'or fne curve A C 3, anvi by tahlnf' t]ie ordinal 
of D large enough wo c.an make I as 3’‘i.all a.s wo please fo.i'' tlie 
curve A D B. Gince tliere is no adraissible curve 4' rliich will 
make l('b) take cn the valr.es 0 or 1, tlicre Is no solution to 
either the Kiiniriiua or vaaozinm problen. 

Let us now consider a problem in ”’hich tlie existence of a 
solution depends ou the class of adi-iiss ible curves. vJe look 
for a closed curve of 


ra in 5,mum a i‘ e a , i .d t]iin 
which a line of given 
length can turn through 
a complete I'evoltifcion. 
If ’"e limit ourselves 




to conve.x curves, the 
solution is given by 
the equillateral tr if ingle 
having the given line as 

altitude. However, if we remove the restriction of convexity, '■ 
it can he sliovm that the area can he made as small as we please-. 



10 


f(o) = f(-^) = 0 , 

f(a) and f«(a) raonotonlc, 

5 ) ShOK that any admissible function ({) (x) can be ap proxi 
mated by admissible functions (j)^(x) and such 

that 1(^2.^ made as small as v;e please and 1(^2^ 

as close to unity as we please, where 



I((|)) = 



_dx___^ 

1 + 
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FOP’'iiLISM OP CAI.CTILTJS OF YARlATIOifS 

T. T h e Eij 1 e T‘ E oj nati on. simplest type of proFlem in 

the calculus of variations is to e>:trenise a funci'.lona] T(<.p) 
of only one independent variable, the i'unction i (c.). In 
pract:!ce, ifnc functional is usually an integral oJ‘ s r"' "en 
form, and we >:ill her.ce restrict our d'scusoion to 


f 1 5 n c t i 0 n s. 1 s v'h. ' i are 


rhe s imprest 


of prcble'u is 


In general terms, then, 
:c eztrsn: '',e 


(1) 


r ^ 1. 1 

1 \^y) " • 

/ a 

P(.x,c 

’(ori , I- (x' ' dx 



wt.ere F 

1 s 

a ^A'-iven fun 

ction 

7;ii '71*1 '<70 1. 1 1 

assum.o Ijs 


continu 

01.1 s 

f''r.ct I'artl 

al ne}'* 

iv;.itlves r, lid 

7ie 3 0 

C i"- 

t' nuous 

se 

C'jud 'onrtin'i 

'ac/ r ^ ‘ ' 

a tires. 

""’l 1 ' C is 1 '7 ] i '' 

(:■:) 

Vv'ili be 

re 

L. tr.icsad to 

rbfj c]i 

ass of adm'ss 

■ b 1 e f 1.2 ret 

ions 


ja t ■ sf v.i rip ti\e condluicns 


0(e) 


A, 


(b^ = f 


(A) 


c(>f; con t Lnueias 


cl ' ( X ) r) 5. n ceni ' s e c o • 1 1 ■ nu ou’ s 


The bra or ' btoclirone is an exa’c}x'e of this type of : .r-'.-blern, 
Assum; ’'ip; tliat an a- m’ so.* tie function u(x) ox''st3 ’i'ljr 
which, j(u') is an extremuT';, we frst ''v’sh to firr a ne ce s :-x. 
c o n d 1 1 i o n Ym i cl i th i s .i 'u net i. o ■ mu s t s i-. t s t' y . 

Cons'hjer a i'unction '■r(x, t) such that 


?•( X, t 


.amiss “ bl e for al] t 


(3) 


ct(x,tl and l^(x,t) are con ti nuoin 




is piecewise continuous 
4(x,0) - u(x) . 


Per exam, pie, v-f© nay choose A(x,t) = u(x) + t 
hoivever, any function satisfying (3) will suffice, 
define t* 


If we 



12 


then -Ait) 

h £1 3 

£! s ta 1 :iO'’!ar y 

point at t 

~ C"! . 

' Accordln/ily 

( cl 

V 

dGi 
dh , 

- - 1 ^ 

A , 

.-'J """Va 

1 ' ( X,. i-, $ ' ) fix 


-= 0 . 


Dili erevi t. 'i a cine nnicier tlie 1 ntegral s" grn. v.u3 ha 're 

,-'b 


( n 

Yj''-ev^e 


/ 




-H 


ll 


( 

1 n. 


j ax 


} 


( '■') 

Acc ore.' i . i ' ' 


( X ' - - 


r., u'' 


l-.'i 


(3), and ('?) 


see 


Lit 


CO'! tinno! i: 


(S 


■j i 


'li ^ * e c 017 'SO CO •( ; t J n\.: '■)i; 

■■L, (a) ':(b) = , 


tliO oqna t'j on beinp; trua sliic-- ^'( 0 ,, i:) A and 

( b j t ) 5 ."j . 

Tf '.ve i^jOdl+'y [C] oy !nte;;,r’ati'Lig by pa^^tr,., 'Clio i'r.tc i 
nith tde cornes'jOi'idlni''; x.eccssr.Tj cond'itior! I'd’ six r,-;.. tn-.o’Tinn 
of a function of n variabdis is noverLlod. 


r' 
J a 




£3 


ci / n 


n ! ' 1 w 

Tlx - i ! 


(9) 


/■b 


r T;'. 


/ a 


]':^dx - 0 . 


In tho case of a funetjon f‘( , . . . , x , ) of ri vanlal". 1 ec, 

j. ll ^ . 

we tnay derive tne necossany cond.:" tions l“or an ^xtroTTM:-! by 
con s 1 de ring g ( t ) = f ( ( t }. x,~, ( t ( t ) ) where the 


Tn the I’' torat-'are t, and are usually called the 

var la tion of u and ti • resjiectl vely, and written in'. 



— jL O' 


equations = x^(t) define a curve in n-diinensional 


spa ce 


If (X-,{''''' 




. x^(0)) is to be an extremuiTi, tten 


(10) 

t=0 

In other words, 


(11) 

n 

X . 1 

1=1 1 

In vector notation. 

this is the 

(12) 

grad .f • V ' 


v/here V Is the ’’velocity" x’ector with components . . . x. 

This relation must hold for arbitrary 'v, from which we may 
conclude txhat 

(13) .p-rad f 0 , 

which is the ctes''rocl necessa-'^y condition fc^r an ext'^enutn. 
Peferr''ng to (9) , 'nq see that we have, an equation sim'ilar 
to (11), the d''scret& sun being replaced by an Integral, 

X. and f, by and [P’ - F ,] respectively, Fv arialogy, 

the necessary condition corre sponding to (13i would he 


' — "m' zz n 

. p * w • 

u (i:x u ^ 


This, indeed, is the well known Euler equat'ion fo.r the 
extremlslng function u. Vo observe, however, that 


(15) 


CL 

dx ^'u' 


u" "I- F 


does not exist for all adm.'ssibie functions. Hence the. 
Euler equation (14) does not constitute ^ a priori satis- 
factory formulation of a necessary condition since it Is 
not clear in advance that for an extremiztng function u(x), 
the quantity ^ F.^^, exists. This difficulty may be avoided 
by integrating (6) by parts in the following uv^y^ 
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/ 


ya 


-X 

.1 ' F dx 
•’ •; ■! 

J ^ 


-•■h 


/ 

dL /a 


.!» (] 


i; ' 


lx) dx 






■ X 


P'',^dx)dx = 0 • 


(TO 


Ecpiction 'via) must hold r?or all -d such the t 

'^(a) ^ y{\j) = 0 
’1 continuous 
^ pia cowl 36 co2:tlnuoti5 , 


Fon our purposes it will le CGnvio}ir to r-rove the following 
Fund arien to 1 Lenua t if 

.'•b 

j j:’ (>■ if (-■'.) dx = 0 
/'a 

for all sat:' sf ;,■■■- n,f, (17), and. f(z) Is niGca^-'lsc c.ontl nuous, 

th^n f(x) is fi coiistaxt. 

Pr£of: Since 

't 

j 11 dx - 4 I = 0 , 

/i ' a 

-It follovsi fiiat, for any constant C, 

,b 


(IB) 


f .4'(i' - C)dx 0 . 
J a 


In particnlnr, wo rray choose C so that 


b 


(19) ! (f - G)d 


/b 


i.e. C =■ i fd.x/(b - a) . 


With this choice of C, it follows that the function 


X 


(f ’c)dx 


<'a 



- 15 - 


satisfies (17); hence (l8), which must hold for all functions 
^ which satisfy (l;7)j must hold in particular for 


1 


(f - C)d± , 


l,e. for = f - C. 
we obtain 


If we substitute this function in (l8) 


r 


( 20 ) 


f 

J 


(f - C) dx = 0 


a 


Since f(x) is piecewise continuous, this implies that f - C = 
tdiich proves the lemma. 

Applying the lemma to (l6) we conclude that 


( 21 ) 


u* 


,. 2 ; 


F^dx 


This is the desired necessary condition which an extremlzing 
function u must satisfy. It is, in fact, the first integral ®f 
the Euler equation (lij.)® Since is continuous, we may dif- 
ferentiate (21) and conclude that if u is an extremlzing 


function. 


P< exists and is, in fact, continuous, being equal 


to P^. Referring to (l5) we observe that this implies that u" 
is piecewise continuous, provided F 0, In other words, 

any extremlzing function must belong to a subclass of the class 
of admissible functions — namely the subclass possessing con- 
tinuous first and piecewise continuous second derivatives; it 
follows that the Euler equation (lip) is a satisfactory neces- 
sary condition for an extremlzing function. 


It is important, however, to realize that this derivation 
©f (21) is needlessly elaborate. Since all we are seeking is 
nec essary condition, it follows that any condition which an 
extremizing function u must satisfy for any particular class 
of ^^»s will be a necessary condition. Now (21) is a relatlcn 
which must- hold for every value of x between a and b, i.e, it 
is a one parameter set of relations. It therefore seems 
reasonable that if we choose almost any one parahieter family 
of <^»s, we sho.Ujtd h© able to derive (21) <, 






17 


(;i + rt^'. ) , i ~ 


f5 nd 


“j -■* ' ' C 

-- I ' I’ , dX = I' , ( U, + P £ 


< C c . 


/ t. 


s-': that l')r,t lii;.' e api;:r“or.oh zsro, vie o’-ta.li 


]'\ cix + F , 

J. , u ' 

';vliich i3 oq'.:.’va.Lont tc (21). TTary other soccidic one 


o :3 r -'jne t e 'f* 1' ar'; ' 1 i s . c r n ■ . 


iso lu 


a .der^ vatl -jn of (21) 


1 ) 


frch'i f-'T' s 

'.i.l'i’oct proof' tlirt if 

; :’'(x)f(x' = 0 


for a.3 1 f' S' , Ci sfy i' (If) whor-e f(x) is yibcevi: sc c-irtlnijcus 
then f(>:'i is identically Zoro, 

2) Tiepeat proble:r, (1) v/hora- is rost'^lcted to "‘lO class of 
functions ha-'alrip con t:! nu s second \n t ■ n',.> $ „ 

f) Pry^-'i the fcllov;i-i,-c !iei-alj s-' tion of the Fund 'ne^^tal 
Leinma ; 

Any piece- rise ctmtinnous runction f(x''j for vf-fch 


/'o 


I k ' 


r'-:i 


c 


-"a 


foTy 0.11 such that p wo contlnLic’o. s a?id 

... [ni ^ ^[nj ^ 

for n = Ojil;,..k-l; is a polyno'-’ilal of dacvrec k- 1 , 

4 ) Derive Dulcr’s equatl-on uslnp the speci.nl ’"nrin tion 


jn ( X . i 


( (x ~ a)/{ L, - a) 


{ (ta - x)/Cb - 


r I *•> X a 

4 < X < b 
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y 


i 



5) Derive Euler’s equation usinp, the special variation 

.■■(x-a)(i;-x) a<x<£ 

0 b < X < b 

/ 

/ 

/■r 



6) Sliov.' that if F= ?(x,u'), (i.e. P is not a function of 
u explicitlj) , the Euler equation may be solved by quadratures 
in the form 


u 



p;(x,C^)djr + Cg 


where u' - is the explicit solution of the implicit 

equation 



7) Derive a similar solution of the Euler equation for the 
case P = P(u,u' ). 

8) Use the Euler equation to solve the brachistochrone problem^ 
the problem of minimum surface of revolution, ajid the problep ' 
of the shortest distance between two points .o-f.' r - ■ . hyf 



J Dorlr'i-* 1:"*^ j o pr*oelo^^ 


DC; r‘3ailCc; 


t[i^':? .Lulor 


tlon in the follo" j.:::-; w = . Cous-lJ-isn tv.'o f-: 

A and B on a do sod 


cni've . 
that tin 


on, aasu’iiins 


c'>j-»'*'re (of ffiven 

length.) cnclosi.-s /\ f"' 

’n.axl.ni'uri ; no-;, the 

■.irtja enclosod 

the arc AB 'iO.a the 

chord All rmct certarrilv- he u 

length of Ah, say L. 

Let the curv3 AB bw hiAooi; h’-; 


= ah s'' 


3 = a-r’c L. ngtn 


J ...Cv-' 


A;(s-(') o.>id E"(s=L) . 


•men ’ +V 


;j.nd th'.j area is 


i Ur 

Jo ■' 


( t ^ 


•• X.J 

- Ci C 


where ■•!'(oi) " ’KL) -- 0. 

To e>:tr<.,nil2;fi is no'-'.? siinplo exercise, 

0T> to in , and i- by nse of trie Eulor nqnation, -..n( 
then show that if b is ulloivec; to vary, but J... is bept 
constant, tlio ‘•laxiriUTn of A will be fo7‘ a seni - c ii'^clc . 


2. Generali gntiona of the E-'iler Elqua.tion . The Euler 
equation ( l4 ) rnaiy be g.ene rail ged alc^ng throe lines by 
altering tho .form of P to contain 

a) mo7‘e tlian one decojidOTit variEhole 

b) moT-o than oiie Indoj'endont variable 

o') higher than first derivatives ■. 


any »0|?ibina tlon of- 
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a) Suppose P contains two dependent variables, so that 
(23) I = = I F{x, cj , (J) )dx , 

where O and \j/ are adraissibi functions. In cDrder that I(u,v) 
be an extremum, it is necessary that I(u,v) be an extremxam with 
respect to u an d v considered independently. In other words, a 
necessary condition is the pair of Fuler equations 


( 24 ) 


p - ^ p 

u ^ u« 

p _ ^ p 

V dx V ' 


0 

0 . 


In general, if P contains n dependent variables there will 
be n Euler equations. 

An example of such a system is found in the Hamilton Prin- 
ciple of Least Action, Briefly, this says that if a mechanical 
system be described by n independent coordinates q^, . . ,q^ 

(n degrees of freedom), then the motion of the system -- i.e, 
the determination of q^ = q^(t) -- will be such as to^ minimize 
the '’action" I, 

■ t- 


( 25 ) 


I = 


a 


[T(q 


1^’*‘V^1 


,...q^) — U(q^, . , .q^^) ] dt 


where T and U are given functions, the kinetic and potential 
energy respectively. (Actually, the Integral is not an extremum, 
but only stationary, ) The Euler equations which must be satis- 
fied to make I stationary are 


( 26 ) 


L( T ...r UL. . 4 (4^) = 0 


i = 1,2, , , 


,n 


These are. In fact, theLagrangian equations of motion, (Per one 
degree of freedom, this reduces to familiar Newton equation 


P - ma , ) 

b) Next let us suppose that F contains two independent variables 
X, y so thatc 
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tlie X, 

r Tst-.r? ctoci to 


4' continuous In P 

(£3) piccewiso continuous In P 

^ tiiPc’o plvon vr.lues on C 


whore R Is t- f. ivcn flosed coni:!ectfc'd. ropjion in 
nxuirvaoUc C ti-vc C. 'll:-:'- function ho 

t'n.e cl I' so of ‘r’-^ssiMo fiv'cticns 


S^ipnosc; thnt there Is nn ad?'>".i ss ifolc- function 
for which l(u) is nn extremun. If v/o write 

(29) <i(x3:>lt) = u(x, y) + t^(x>y) 



where ^ is ocrn;' sc ihlv- cncGjt th'it ^ = 0 on 0, ■t'l'iOr, f' is 
sawl sa i'olc for ; I'J vi 3 o” l,, ■ iid 


(31) 


!(t) ~ J(l(x, :• t); 


is ills extroir'inn t't t 


Acc^ }rdi' 


(31) 


g 

d t 






'i- 


y' 


jdxdT - 0 


Sinco = 0 on C, -d j * s r^ifauC'.s ui'‘on dioii by 

pio-^ts to 


(3^)' 


) • ,L b‘ 

U 


i:7» 

d"" ''n. 


■ 3 TP Irlr-l-r p:; Cj 
P)-r -u - / 

7/ 


for -nil .1. is.n ih-lo Ih ’"o conci.nde t-lict the Sulor onuution 
ip this c; so is 


(33 ) 


F _ _1_ p 
U J 3: U 


OJ U,- 
7/ 


0 . 


'■■!e o'bs33'‘ve, hcw'-evor, th.-^t, as fo:r hho sirrrlo Hulor conation 
(14'' of the "'recoding section, tho derivation of (35) iiiiplios 
the e3cirteiico of second pertial dori^-atives of u, and hence 
is Inapplicable to sumo of the admissible fiuictions. In the 


3G /3x is takon to mean the derivative with respoct to x, 
holding y, hut not u or its derivatives constant; 

^ ~ G , + G u . + G, + G , ■ , 








ax. Tv 


' Ll 




F cl'.- - ( 

a__ " I, 


(o7) 


/*;r' 

j’/ 

A, ^ 


.--V 

' ‘-X 


o onveni 

i,:r 

vrT 

dxdy ™ 

{ ? 

dy 


y u. 



cl 7 -f ! 

./ r 




u, 

Cj 


'u. 




E^nution (C7'’ cor’-'’osr>ondi^ in nun ’.maconi c ;:ca to r,ho rinnt 
integral (21* of* the S^aior aquation. It no lona'or cont'uns 


pi pj 

•VO ^ 


unct 

ion ^ 

, but 

nor/ 

c on t ii 

ins 

nn 

4- •‘'a j 

Ij -L 

t ?ni'' 

1 

,a '.j- m 

'■'t,-; nia 

£0 ■r> 

proxi; 

raotc a 

ny r 

e ni on 

by 

nc'^ c mi 

j.es 

h021C 

0 c 

one lud 

the 

t for 

ar"^^ r 

0 c 1 1 

fii.bl 

JO e I 

OSOd CV 

nvo 

b 01111 

dll] 

f 1 "VOf .“i 

, , '> a.' 

Ion 

R ’ in 

[ V Ci. 1 i N-l 

for 

niyr ■ 

,“S -f VI 

cmi oiny 

■ u 




/ / 








GO 



p' ! 

// 

R dxd' 

y - f 

(F 

dy - 

T? 

dx . « 




v ^ 

u 

■fi t 

‘u 

u 


■ u 

T 




This la ln'ioa''u a. a ^g.'.r’o lc:nna . 

The chijf value; of this loir";- a lias 
it is app] ic al ? 0 to an” .-acaic aifclc3 fiinctior, cince it does 

clcGs tho Eulor CPU at ion (oS''’'' tiic axis- 


not -oresu 

lOTOOGC ( 

tcnco of 

S G C Olid 

oxtren'jleir.g f^u "C 

vat i VO s , 

than t>, 

fx^'orn (38) 

by ur.vo 

(39) 

/" 

'•4- ' 


/■;/'•' 

./'/ 

R ' 


In caso r contains n Indopondont variables , , 

JU 

tho eqei.ation c orrosponding to (33) is 


• 3C , 


(4.0) 


n 

/ 


-O— p 
f-: ^^i 

a~j. X 


0 


where horOj as bororo, tho condition is nocossary only if 
the extreinicing function possesses second partial d,oi’ivat3,vc 
Two Important examples of this typo of problem are tho 
Dirichlot and Plateau problems, namely to minimise 
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(41^ 


b) 




{ + u 1) dxdY 


V 1 + ii‘ 


p 




X 


•+• dxcly 


the rir^t iiite.a‘rul reyre s 0 nt?_ng> sny s the potential energy 
of an g] ectros tat ic field> and the second the anea of a 
surface projecting on Pa W'l th given boundary values on C;, 
the latter j^rohlori becoi^^es tha.t of fr'in: ml sing the area of 
a surface having a given closed space curve as its boundary, 
The Iliuler equations eori"*esf:>ond1 nr: to (41) n. re 


(42^ 


u ■+■ u 

X X V V 




b ) (1 4- u ■ 

y ^ 


if** 211 U U 4- ( 1 

XX X y xy ^ 


u^)u = O 

A ■ *'.7 


'the first er^uation is the well known Laplace e<iuation^ 
whose solutions ar^e har'-'^on’c functions. If ti^eat the 

L i r 1 ch 1 e t f ;r o b 1 c* m f r om th e n o 1 n t o f* v i e \n o f j { a n r ^ s 1 omT-'i a ^ 
we g e t the co nd 1 t i o n 

(43'i ./■■' (u cjy - u,,d:>:) ~ O 

C ' 

for an er fcren-' l: 1 nr J’nnctiori. This nnst hol(3 for al] closed 
rectIfiaLhe Ch .s In B and hence u dy ~ u ^dx must be an 
exact differentluT. , It .follov'/s that another f un cti'-jn v 
exists such that 


(44) 




V 


u - - V 

■y :c 


These sre the Cauchj F'onann equations wh"’ ch a haf^'i^ionlc 
function nust satisfy. (in particular^ assuming that 
second der i vat:’ ves of u and v exist, the Laplaco equation 
(42a) follows from (44) hy el ■' mo" nation of v,)*'" 


c) Finally, let us suppose that P contains a second 
derivative so tl'iat 

/7b 

:;(45) T(^) = / 


•J. 


F{x, gh ,#'')dx 


Actually, if (44) holds, oontinutty of the first deriTSwtivs? .R|.oj7e ,, 
^will insure (42a),--'as well as 'existence of sill 
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the class of -'ucci sc ililo fTiriciilons ? no’" T^oin/5 sncli that 

* 

, I' cent i iro. o'a s 


(461 


r '!oio 

COTiGG 


c { 11 







F ' (a) 

— /' 




- y 

’70 1 

-o-ain 

GurGO:: 

Oy thai 

G "h 0 111 ^'1 

?TiCi 

G ‘1 G 

: U 4- t' 

— ;/ ? -y 

0 ‘3 1 

and 

■b. Th: 



G{t ■ 

^ 1(11 

it folio- 

'' z ii ‘1 

/-t '1(0: 

i B ail 


(h': = 

a'fb'. ~^r. . 


■:ai 


(471 


(4B ' 


(49'i 


dGi 


Id 


I 






4 a 


U GX ■ • 


■"t. ' 


4- 

• 'F^, H- 

9 

'■e h.aV'; 



1 

, X? 

vd 



dx 

in 

I'liis can 

-1- 

p „ 

1 

d:c- 

► 1,.* * 

■j pt^'r:., th-Tt 


r !« jax = i' 

IT 


F ,.Jd--r -- 0 . 


t7ii.5 fo’Trth oradcr , ’ nd ir'^plios tho cri stor.co of* lt'’”. rl.s in 

the .firot socti r-ai i i;.,'! 131 It. con bo s.hovDn., fop .•-xairi'Dlo 

by coTir.:M;.pir';t ■' snocial va.T’iation c^, tho-t fop an oxtPoTnlslng 


f un c 1 1 on ri:ust exist end herjco that {^IV ' vrast bold. 

■4.3 a;' oX'-’toplo o.f can.at:ioGi, (4P' v,-g consid-.jp t’To pi’oblonT 
of dotorn:.lririt tho doflw'c tl'on of a loaded ol.-iotio be ora. 
SiToposa tbo boGir is c'laraocd pi, oddly at 0 r.nd arid is 
loaded p-ith a v/ciglTt pox’ unit lonyth. nfnicb varies .■■.■.long 
the X .-axis, ~ fix.'' . 

I 


A 


V 
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Then if u(x) is the deflection of the beam at a point x, 

the potential energy of the system is given by 

,1 

(50) P.E. ~ J - uf(x)]dx , 

where a is a constant determined by the physical properties of 
the beam. Since the beam is rigidly clamped at the ends, we 
have u = u' = 0 at 0 and 1, 

It follows from a basic principle of mechanics that the 
equilibrium deflection of the beam will be such as to minimize 
the potential energy. Hence, if u is the deflection, it must 
satisfy the Euler equation for minimizing ($0), namely 

(51) au”'* - f(x) = 0 . 


This is a fourth order equation whose integration intro- 
duces four constants. These may be determined from the four 
end conditions u = u’ = 0 at 0 and 1, 


In general, if P contains the n'th derivative (^ ) f 


SO that 


X 


iTd 


(52) J F(x, , 


then an extremlzing function u will satisfy the Eule-r equation 

2 

(53) ^ 'S ^u' ^u" •••(-1)^ ^ = 0 • 


dx" 


dx' 


n 


Problems ; 

1) Derive the Euler equation (49) assuming that onlj?' u'* is 

piecewise continuous, using integration by parts and the r esuH 
of problem 3# 17 • 

2) Do problem (1) using the special variation 


^(x) 


I (x - a)^(x - €)^ 

I 0 


a < X < 4 
g < X < b 





3) DGt’l''-’'e Siller oatia-irlorj (35’' f-^oni Jiaar ' s Icriiiijay 

b a I'oesoa ,-.or3 all accond r.-art.i dl de '-Ir a- :‘ ■ 


.'J T 0 "’ - "T* V C CP" 


• ions , 


In DOOT.j on 1 * u 'icv 


a i do r d t h. "j s t i or- o n y v n 1 • ; o s of 

. >• 

T ( ^ i 


' ( zi , 1 ’ ) d.; 


v/liGro "T 


rooiilr -d tc 1;0 a coiibluaous f'ui otio'ii ■'i'i’h 


ploccT.' iso c cn.bi’ouc'pc derlv :',-'' 1 vo ~i.d sach bhat 


c ( a } J 


A, -Kb' r. B 


Suppose r.'O I'iOV'' drop bills last condi-^loii loavlUfT -f-ha 
of 4 (a’' aj.id c (b'' oron. Co-risiderirg 


.iuo a 




in bbo uarial ray; we ooucludc bliab 

/b 


dC 

db 


t--d- 


+ r^.^Mdx := 0 . 


Hopovor, ■=■'•0 uo lnj::por roouiro that <.(a' =- K,Vo'' ~ 0 - 

Hguco, the iutograbl on by parts giuos, for every 

d 




u ox u • S 


-- 0 . 


b ,.t 

4 - ' r p 

a 'a 

Conciiiorabi'' 1;. of a fap’ily of >^'3 such that ^(ts. 'i 
4;((b) “ 0 yields bbo Ihilor oquation as before.. There 
remains 


F iK 
u 


0 


n 
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and since .'.nd. ■\(b'- ai^'c o nbit.!’ wo conclude that 


(34' 


■p 


n ’ 




= 0 . 




Thus, if 7;o do not nrescriho any end point nalncs Tor tho 
extrornieing ficj-.ction u, Wd find that snob a fnnetion nraot 
'111 n OiT 'll i~ a. c Os j X V r •n PoT-Ciii Xoti oX o<9c'^'^ 

is tho 3 o-call'Od n.atnr il hcandriPT '"or-di-^-ior. . It is ovidont 
a priori, that tho Td'iloi’ ccyaa.t3orL is a no.c osco'cy condition 
■■■b.jthox” or no^' bcundai’y Cf^nditio.is toco inrxosod, since cnip" 
oxti'’onmm, if it exists, will have definite Doundary values. 
Foe oxl'nnanic, in prohloin of tho r'iniriiuo en.’r-a of 

revolution, ? uV 1 -i- u''’"' ar.d 


P , 
u ’ 


uu » 


V 1 


+ n 


I 


If Y'O r.roscrilxc u(‘'.) 


fin ox.o -jr-d. hut lo-'ive -a 


free, vro ohin'jn the sr‘tnr..ll 1 our.dai*y coi'.di ••.j oi. 

u(t)‘uMh/) -■ 0 • 


ii'OliCO 


CUl-’VO 


'•dir‘ cIl gi'-x; G 


ininimj:;; ■ r' 0 .a of revol’.’itiori 


AYill (If h-a is :jri:.ai; 

DO thot ox'io V'hich sa- 
tisfies tho Ilrjl-vr equa- 
tion and is i7r.':’lGont al 
at - b. If va> think 
of tho conp fi3-iu ■,xn.-.log,y 
®f this problem, soo 
thet the nat’ar:! hound. ary 
condition is f.h-d: the fil’m ho P''.X'’pondicul.ar- to a wall at Is. 

In caso F contairhS higher derivatives tho s-.uao phon®- 
monon oc-urs. Inctoid of dorlviisg g/onoral c oTidltioriS , wo 
will Gcrsider the spocific ono.miplc ®f dotormining tho do- 
f lection of .i. lo'idod hcarE which is c lamped o.t one end and 
ot tho other end is rospcctiyely clconpod, free, or .sup-Dortod. 
Raforrli:ig to tho di ecus si on on' 'page 25, "ve kjiaw that_.,it;ho y 
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equiiibriutTi deflection u(3c) of* the beam mill such as to 
minimise 





Lt' f (5 } J ’ 


Here the prescribed and conditions are u^u’ == 0 at x=-Oj 
and 

i)u=fU’»0 atx=l (clamped) 

ii) no condition at x * 1 (free) 

iii) u « 0 at X - 1 (supported) 


Case i) has already been discussed (see page 26). Tt leads 
to the Suler equation of fourth order 

(56) au'"' - f (x) * O 


the four end conditions necessary to determine a specific, 
^solution being prescribed.^ ' ■ ■ 

We consider case il) cHreatly, i;©* ^ if +• , 


where 

• 5 "! 









(o.U 


A . 
dt I 


.-■1 

r r-! 

? rl ^ ^ 

? L f'i ' j - 

t -0 /'J 


‘l'T?(x)]d.X = 




^'0 


j n tcgr a t1 ng 

by T'.arts; 

> and 

making use 

of tiie co>icii 

170 ^ = .r,’ ( 0 ) -- 0 . 

we bave 




j 

1 = 

- u''" 

a 

] 

z:=l 

A i LrrU’' 

] hej Z ^ ‘ ^ 

•"Siicuj the ' Lilo:' 

eq ;ja tion 

( 56) 

must still 

licld. ‘■'■'■’It. 1' 

a d d :■ t. i 0 : 1 ■'■ ' u rriu rs t 

bi.i.vej f-of all 

K ^ 


vf ' 1 ' 

n zr Tdn V 

^ Vt 

H t Z ~ 1 



Jri ot}ier- Vvorrs^ if wo "'^rescrroe no enc c nid tioris ..dc z i ’■ 


] ea-re It freo--\';e are au t:! call\' led to tho 'V;atiir 


. 1 tt 


bcmidri ry cond 1 t or s 
( 5'/’ 


u ‘ 




a t z 


\¥e st'j.ll have tlie cesoar*;;^? fon-r" co.in cUvey corid* tions to 
de te^'^irr’ no the st>e c ’ f Lc into of ( 56 » 

In cnee ill), wi'jepe we ppcscrihe n ( Ti ) 0 bn t 'ieoT-e 

n’{l) fneo^ nuot f^rescp-h^e <(.l) = Oj* hot t^i) 

frse<. TVic3n It i‘ollor;?s bliat 




0 at 7. 


hot no lo?i‘ver fcbiat 0 tb>ere . iipajn yihr-^e fovn 

tonnrlar;; cvr:ci Itlori.s-'^ three prescrib'^d and ore ^hiatura'i/’ 
li soeoncl tyiie of free end condition io to leave the 
coordinates a and b tnensl eves fre?e, prescr-^' b:lng say only 
that hove end po-vts on a glv'on cuinrcA Snpposo,, for 
siTTiplJcity^ that we i'lzc one end point a;, t’(a) - bnt 

recprJre ouhy tViat f'(b) - s(t;') Is a given fnnction, 
Snp-’'0?^ing that 

! 

u(x) is an extrerii J2ing 
function *whJ inter- 
sects s(x)'. 
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('•( t) 


/■b( t ; 


F ( z ; q ^ 5 ’ ) dx j 


we htive 
i r: ; 

Since 
( 59 ) 


dCf 


^ h' 

, V ... J 


t'-O /a 


[F ^ + P ,^’]dz + F(xjU.i;’) 

*• njR u*^ 


•b(0) 


r='b ( Q) 


;.i,(b(t)) + txibit'i) - .4;(b(t)) ,s 


cifi'CT-ejit; and eettinr t “ 0, we conelude -^hat 

0 (" 0 ( 0 ) ) 


( € 0 ) 


I (I) ~ 


p:' (b(0) ) - -o' (b{0) ) 

Subar/ltnt.’.ijg th? s in (50) ana integratin;r t';-' par ho 
we obtain, To-r'' all ^ 

xb(.0) ,, ,,, i 

> f O'* ^ -!:1. T.' 1 •'r h f T"- — J. 1 t'-' i == r) 

^ 'v^b(O) 

:tinf-, i-hc ns’na] ’I’llei* 


( 61 ) 


/a 


J-i e n oe an ex tr z ] n : 

t'unctjOij u 

r:ii3 s t 

equation, ! 

a fixed end 

c ind 'tlon 

II ( n ) ' 

( 62 ) 

"u' F~ 

- -.-.t 

at X 


Condition (CiP; is called the Trt uisv-^.nsal ‘ t-; Cond ' tlon . 
Together with \5(bi =-• g(b), ’.i(a) = A, anti the lv.il or oquafcion, 
il deteninines the point b and the solutior. u. As be.fore 
le.aving the end coiiditio'; free results In an an to''?-.:tic end 
co!\d.i. tion--in this case ti relation botwoen u a.no u'. The 
transvorsa] i ty condition (t2) reduces to tho prevlo'-sly 
derived natural boundary condition (54) for tho caso of b 
fixed, i.es, the flxed'curvc .Is x = b; and g'(b) = •», so 
that the second tejjr. in (62) drops out leaving only 


w 


u ' 


x=b 


In many off the 'specific examples considered so far,’P 


was of the 
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F - V 1 + xi * 

In this cnse the tnansverscill t;/ condition (62) reduces to 


u’g’ = -1 , 

in other v.or>cis the extretnizing c'arve u nuet be oroh'vn-onal 
to the rr;, -.ron cnrx'o g. 


Problems 


1) Shov'^ !hat rho nr-turul bouridp.ry ccndition ot 
bound i'-" for F - P ( x, h ? 1 S f '' ) is 


ih^-: 


dx 


p 

' u 




P .. 

U ■' 


2) The condition chut -i- ha-^o 
fixed curve g mj\,- be reduced t 
fixed b bv tr‘' ^'isfounj nr the x, 
vortical lino. D^-■r1.v€, tlic. tr:. 
vi/ay . 


4. D o 'j -u ri o r a t ( j Lu I o r Eh'' a t Ion , 
s imp] o s t j rob 1 cm 1 a 


its end uo.h 

't;, A ™ b 

, on 

c . 

C thu I'l’d'- ; 

■nicj cor.di 

tier: 

for 

y pi -I'l'i so 

thh 1' r 

A- C o 

t 1 

O C L 

osTorsaltl tj 

cond I 01 0 

' ‘ Ir 

th? s 

Thu Euler 

oqua tion 

for 

the 


P 


u 


d 

dx 



0 . 


In case P is linear in u ' , l.e. of the form 


( 63 ) 


P(x,'a,'a’) = A(x,u)\i’ + B(x^xx) , 


the Euler equation reduces to 


t64) ' = 0 . 

This is no longer a differential -equation but iS;. in fact, 
an Impll olt rels-tlon which in general will define u as a 
function of x. It follows that u(a) and u(b) mav not h 
arbitrarily proscribed in general. ' . • 



The converse is also true, i.e. if the Euler equation 
degenerates from a differential equation into an ordinary 
equation tien F must be of the form Indicated in (of)). For, 
exp and Inf (14) ue have 


(65) 


P - F 
u 


u’x 


- p 


u ’ u 


>u’ 


- P , , • u’ 
u' u’ 


0 


If (65) is not a differential equation, then, the term 
containinf u” (there is only one) must disappear, i.e. 


(66) P^,^, - 0 . 

But (66) iniplios that P is linear in u’, i.e. is of the 
form indicated in (S5). Ixence, a necessary and sufficient 
condition that the Euler equation dcfenerate Is that P be 
linear in u ’ . 

An ImpoTf^tint special case o.f this defeneration is '-vhen 
(65) is satisfied, but also a(x,u) ana B(x,u) satisfy (34) 
Identically, Then any u nill satisfy/ the depenerate Euler 
equation and Vie'<ce will extremize I(u). In thiis case 

b 

I(u) = / Adu + or];-; , 

a 

is ,a line Iritefrul whose value is independent of the path 
of intepratlon (i.e. of u) since v^e are supposinp that (64) 
is satisfied identically. In other viords, I(u) is a constan 
and so has no proper extremum* 

In case P contains a second d,erivative, the Euler 
equation is :)f fourth order 

( 67 ) u'* *' [.*•] + = 0 • 

Hence it will degenerate to a lower order if 


P 


u’’u" 


0 . 


I.e. If P is linear in u" 


( 68 ) 


P(x,u,u' ,u'’ ) - a(x,u,u')u'‘ + B(x,u,u'): 
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v/hlch In ,^ 5 <nne)rr..l defines ii 
z 5ind V 0 
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Problems 

1} ShOvV that (07) is cf .it most swcond order if (13'' hold. 3 , 
2) under what oircuT-ictanccs '.•vill (6?) deyencr to eo 
(i,c-. . be of loss than S'jcc'nd 03'’der)? 

Z) '■''rovo that If and only if P is of the form" 


•n), 


,^ + il! 


^:(z, y,,u) 


O A 


(z,y,n'! , 


then the cleyenora to Erler equation (70) becomes an Identity. 

As before this moi.'.n3 th.-.t l(u) is a constant. 

4) Show that tho Eulor ,3qur-:tion for_ two Indopcndont variables 
and second derive tivo.s will doqoner-ite if and orily If F is 
of the foi'’m 


F(7o 7 au,u ,u ,u ,n ,u ) 

\.}J. yy.; 
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?(,x,yha.u^,u - u^^^] + c-a x,y ,u,u^^,u,;) 
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I'Je shall o'Gne.t'O-li?;^ hhia rule to cover th.e present proh- 
leras in calculus of variations. 

a'' We first consider the siinx'lsst prohlen, with an 
integral side condition. Stated explicitly, we are 
reanired to extrerni^e 
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(73'’ I ( V '' = / P ( X , -V ^ C dx 

"a 

fiiTiOn'D all adiriisslbls ( (soe -case i' , ■.'.■hie]': satini’:* ^.he 
adli'ticnal ros'i-.rictior that 

/>h 

(74'^ 7 ( 4 '' = / ’'dz = ( c ci"! 3 1 ant '1 . 

' ' a 

'■'■e su''"os^ that t}'.erc is auch a fiDnctior. 'U, oztne- 
rrlziiir, ( 73 '' suD.iect to (7-1 ' 1 . Let 1 - "■ 

where and are adnlseiblo but vanish at a 
and h . Then 
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— ?' f t - , t ' . 


Sine 3 vre noquiire that v al^'-’or's satisfy (’/4’, t’se rja.r' aneters 
t- and t^ are not indeoendont, h-at raist satiaf-}/ ’v(t-,t,-,'l - 

-I -i .L <•-. 

From our lv*noth.osis fna-t u Is an errtroiil al’et: ru’iCtion it 
follo-vs that 1(0,0) is an 
v'hlch G ■itisT:-; K(tT,tg' = 

Layranre rule fo’r ordinary Tuioi-ions tu conc]n.do th,;t. ■• - 
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t ■ U o 


intrennij:' o.'T T(t ' 


4 - ^ q 'M ^ r; 

9 ^ - Q ; a o; 1 A . L -w ^ ^ ^ Q 

T-Te2jce vr0 iray apply ■’If'C- .’falor- 


must hc; a ir’.itn '’.r /. so that 


(76 > 


Ot 


tj r 
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I + hK] ~ / ^,^[F + hG]^dx = 0 

'■•' a 


wlaere we define the Sulor operator 

= ha - 4 Hu’ ■ 

Since (76^ must hold for all K,i and conchade that 

J- O 

( 78 ) CF + .XG]^ = 0 , 

The restriction that K. and 'K. do not both vanish at 

1 , 2 

(0,0') mean.s that 
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(79' [gJ,, t 0 . 

U 

The reouired. ;3:er©r all s ahion of rhe Thiler -La pranfe 

rule is horce the follouing; if l(u' is an entronurn. subject 

to Jv(u' = K , and [Oj, 0, t’ler there is a cons-f-aut X such 

that [F + XGJ 0. In general (78' is a secoiid order 
"11. 

differential eq^iation containi7nr a parameter ; . Its solu- 
tion v/ill be in the form 


u - u 


since the t''''-o ir'ter'-^.eti on co'"'3tniets n.:^y be deterir 
tho (fixed or natural) bon.ndary conii+ions. The 
is then dotor'::i]‘ed so tba'' 


: od froi'i 
il'ie of X 


rb 

b(X'' - / GX':r-hx,> 
" a 




"tb-G 


bs an i] ustra’‘"iori, cor.sider tho p’robl of dotor’^ining 
shape of a chain of "Lvov length X' hanging -urder gravity. 
If 7a(:':'' is the share tat'on bv tho cha:iri, 



then u is such as to minxivilsie the potei^tial Gnea'’gy 

rh /^b rr, 

PE = ! v.ds - / uy 1 + ox''" dx , 

a 'h a 

subject to the usual admissibility conditions, plus the 
additional restriction that the length 
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'■.'ifrTiere and are subject to the side con.dj.tipn 
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Hence, v/o r.ay solve for X if 0. If G^ = Q, but ^ 0,. 

then the rolos of and niay be Inte'rcbanved. If both 
vanish, the procedure breaks doiTO. ’'"'o note that since 
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F ',r| bot.vro or 
snd'oolnt 0 . 


ol 


If 


tb.0 maxirni^ninp' arc 

where a < x < h . 
Howover if 
L > TT(h - 
the problom still 


may bo ^r'rittor in 


f 

1 

I 



he for«- 7 .) 

t 




lias .-A soliiinor:^ ih is no longer expresrible in ■''.be 

forr.i of a function y - u. g < x < To. 'V.iis ar'-^lficial 

V ' ^ ^ 

rest.yl cflon may ‘bo remove'^ Toy oxTOYesslng F ir n-Tayeiric 
fo'nn, as folTcv.'s. Consider* tbe fnnctlcnal 
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/ ■ F(n,y,x,7':dt 


wh6i re 

X — 

:'(t^ 

, y - y(t 

^ a>' 
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'P ~ •x r , 
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The Impcrt 
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point in 

bhio c 

ese 


s tha 

i". '£ 


n-fj-o 


to yialre sense JT cariiiO"^ -oe a r - 1 1 i**'' 


any but “lusb be u "icro- 
geneous functioTi of the first; do'Tee in ?: ar.n y. Fills 
follows from 1iho re^nairenoi'd. tho-t- I alro''ild ceoer.o or:!:.,’' 
•upon tT'ie cu'evG hoinlra, the fi’^'ea end poirits -.nri not 'upon 
the par-i-icula-r* pa nuietric repveso'.- t.ai;ior used to 'losc^ihe 
tho.t curve. Fence, if ■'vc ro'olace tho poi.rai''e bar t ly 
another pc-rameter !' -r ''v(tT in o one to one 'vay ( y o- o), 
I should not cho.ngo. f'e therefore hove the i^’cl! o’-ln.g 
e au at 1 on : 


r . a.- 

^‘t “"V 

0 o 


d:-: • dry di 

t I 


/ ' -T / dz. dy \ . 


This requires that, for T > 0 

^ ^dx • to 
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a poG5J;i'’0 const ar.t ^'"3 hen/' 


( "^r V'K' Ir"?" — 


kH('x_,y,:r^y'' 


wnuch is i:}v3 rio-flniti-an of a aoii-o-jene ous fimction of 
the fi'cst Jeiree in r ind j. Thus, If a nrohleir he 
expires see. in na.r’onnstric forr', the intspi^snd riust he 
homcper^e ens o.f first de.tree in k and k. 

If X > 0 throuphout the intenval ft ,t., v/o "'lan 
ta]:e 1 ■'"■'c ir ( 39 '', and setifaic: 7/' == V'k. ( 39 ' heco:"33 


TT f 'r ~^r jT ~ t-- '] -ir ^ 'i 

and ■'"'3 inay nmit-o 

k'k’' /'Ol’*' 

(no'! 1 = ! ^ / 


14 - - --i f 




. b ^ 

i 





the 

cup'”e 

i f'*' a_v c r '* e d 

the 

homo.'ce 

r' 0 ou 8 Ti? oId j Lrf 

Ip 0 r 

.nh OTr-CL'" 

: e r . e o u s v 1 e 


Thus if X al"’ays ij'icr-c- '.ise g as the cun''e is t:.'-e.v:;n'-:ed 
(r/tiich is the ouse if .x > O', the hox'.or.eno ous nnohjo?. 
m.'\y be t r* :.i.n s.f cnirod li.cct: irho the Inh on’.cper.e ous rsnohlera 
Of eoii.nae nvonythiny ”'hicli has Doeii done .fo.r t* > C' jI'g 
X > 0 apnlioa consl]7/- ■'■/ell if the dinectici': cf tho 
1 1'': 0 Cl LI a 1 j t' 3 . 8 1'^ 0 

Th.o li:-t .3 iixcj. ( 8 ' 3 ''i nay he treitod exoctlv 13 ir, 
the other r'rchlo’ms y'O h/n/e co/asidci’ed., he obtain, as 
a necoRf’S-ry conriitlon s.^tlsfied hyp an Gxtron-.\l x ■■ x(t 
y y(t', tho pair- of sir'ult aneous equations 
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?I - hir H* 
X ci,t 1 


?L, - ^ H. ^ 0 

y Cf L zr 


These eouations y.U3t hold for the e.xtrorni3ln.o', curve 
independent ly of iihc choice of parameter in tei’ms of 
which it is defined. The choice of paramotor is thus 
to expediency in any actual problem u.ndor 
: aider ati on. 
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As an example, we consider the problem of determining 
the geodesics on a surface, phrased in parametric form rather 
than isoperiinetrically (cf. page 40). Suppose the surface 
G(u,v,w) = 0 is defined parametrically as u = u(x,y), v = v(x,y), 
w = w(x,y)<! That is, we have a correspondence betvjeen a region 
in the x,y plane and the surface C- in the u,v,w space. A 
curve on G will then be represented by a curve in the x,y plane. 
If this curve be given parametrically in the form x = x(t), 

7/ = y(fc)j then the curve on the surface G = 0 will take the 
form u = u(x(t ),y(t ) ) , v = v(x( t ) , y{ t ) ) , w = w (x( t ) ,y(t ) ) . It 
has for element of arc length 


ds Ek^ + 2Picy + Gy^ dt 


where 


E = 

u + 

v^ 



X 

X 

X 

F = 

X y 

+ V V w w 

X y X 

G = 

2 , 

2 

. 2 

u + 

V 



y 

7 

y 

of 

X and 

7, 

and 


/i= EG - P > 0 


Denoting tho radical "bj H, the integral to be minimized then 
becomes ^ 

g 1 

I = i Hdt . 


Euler ' s 


equations 



(91) for the minimis 
+ 2F^xt 4 G^y2 ^ 

gjj dF 


Ing curve become 

F,x + Py _ ^ 

_ _ u 


E X 

-X- 


2 


+ 2p^xy + G^y^ 
' gH ' ^ 


d Wk + Gy ^ 
dt H ^ 


( 92 ) 



In Q;criei'’al (9o' c onstitn.t.os 


G. VC ■ ' y utj Vi i G ]. c"! V 2 s "b c r* 
of Gouablorj s . I-io^vcvcr, sr-o^all -hhat anv v.av 

be used, ir place of -i-. . In -cart. icular 


, If 


3 f pr o-oori: ion al to the arc lomptb^ F is .a const :r'-t 
onnahlcns f92h rodocc to 


1-1 


no 
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I - _ o _p- /-i... t 

~ ds ' 


F'^/ * ) 


— T . o-r,T I f 


X ^ Y ^ y ^ ' ' 


y' 


S^- ( F’x ^ -j~ r^r ’ 


y SIX 

W ■ J r G 7 : - Y 




Th 'C 3 o 3 Cl ' 1 at i on c o.r s ‘ti c^ i: t ri o 


~ ds 

annr opri^-ut G .s'^'^ston to uoo in. doho 3 cr/'lnln':’ tno poodGo'"cs for 
any par been].. or onrface dotorninod o~'" tbo fnre^iens 

■■'3 roioarlc bhiat altlioeiFJ:i ■'■fno ": srcc-otr ic frr^'^nl nbion 
of i:]''C nrobJ.iSrn roonlts in t'^'o Enlor cpnoticr. s (‘‘'‘JF, tt.GsG 


at ion 

s .ar>'. v'Ct 

'jY'ido'oordor 

t l;GC--7“C3 

of 1:1.0 r 

0 V 1 '0:.! 7r 

,t b 
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::n fT"'7i3 
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. since cn 

rpi lx 1 1 
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:oi -eo)) 

s pc 00 " rv 

...'Oulu have 

onlxc Oiic 

fnlsr S'- 

nhCi'Oi'. ' 

fact , 

rmj ct 3 

ahlsfy dho 

FnlGP nocio 

;'^Gr 37 ^Y 

id cFiity 


( 94 ) H - xH* yil. 

•^y "Tr 

arid co'-in3irIrF. (91' vi bh (94' wo c'o-i-.cln the sinplo e^p; adieu 
f 99) ^ T-1 

fY 

wborG 


n . a H(xy - eC' - 0 , 

;/ A 


H* 


F 


:X7C 

“TT5- 

T 


H: 




fi. . 

' ’Xrv 

-at ^ 


which is oqulvc-lont '.o dho systoin (91'. 

The homofiopoon-s formulation may bo cai’riocl out for th 
case of nioro than or.o Indopcndont v-'.riablo in a sti'’aight'- 
forv/ard way, the only formal chanp.o be in" that tho Hhrier 
js^quations will bo partial dlfforontial equations, ''’''o 



conslrlor :,is an r a n'm ' ' 1 j.t; o .‘-.ij •crol'l.nr.'', of irilrl’-ial 


su''‘:r.':ico3 o.lr-o^jfy 'iiccnGs-jcl or. pop’j 
rr.'alane this ^■■'•■''.''7! j." po,--’:iVi.n'.r-lc ally. 


::0’7 x---'V 


- - \ 1 .1 ' r. .. j 


parar 0 +rni c oaiuh^icnc cf a sunf.-cn such tho.i“ as --i uracn 


J ( t , t ^ ) J -S = S h; ^ ; t .... ) V 1 1 - c 

'l- 

out th,-, .onrv^.. y in tho t-, ,tp plane :<:,y,3 truco.? ooro the 
xinnd GV'.'^- ciirvc 1 in the r.,\^,z sp.ico h.ras s j ticfi'ir.y th 
"boundary condition. Vh v.'ish to find, the functlors ,y ,7, 
for ■'■’'hi.cV; tr;C ::rea of tij.o sur. -"'rca oriclosod "i?;^ ! is c 
'n"lniicu'jr.'--1 . o . to nilrjj.nii t'^S'.'! int^oral 


■ ij i/ '/ '• "* ■ ” dt -I d.r ^ 


/,/ '-r? dt, dt., 

V v' _L hV 
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— 1- -N. 

"1 "f? 
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-!■ 7. • Z 
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TTao I’cmltii''.'; hcilor oqu-v^ions o.r. 
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f j (./ 
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u' 

•y 
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'J 

f, ,.'"pd 


\ V.,' ' 

V F' 


f . 

4 7=^1 

O r; V ; T: 


+ :r^(— 7 =^^ 

o '^o vr ‘ 

- ""t- 

+ _fL-( 


Hero as hoforo the oo’a.atior.s can "i-^e greatly simrlifiod by 
a proper choice of parameters, he can nlways cheese 
;?ahd tp so that P =■ 0 and E = G, and with this choice^ ■ 
^fquations (OS’! reduce to the very olo.gant form 
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; +3 =0 

uu vv 


problems 


1 '' 

Verify 

th 


( 07 ^ 

ros' 

ults from 

(G 6 ' 

• on 3 0 1 in t;; f == 0 , 

E - 

G. 

G ompa 
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with 

tho 

previous i 

;Ti 3 tr 

nod usod^ paoo GO* 

2 ) 

Use 

(9 

5 ) 

t 0 

find 

tho 

VO odosic s 

on 

sl s n n 0 1** o ^ p 0 'on o 3 0 13 ;j_ i 1 g 

tho 

sph' 

n v-i;n 

pa 

r '’r 

■Metric 

all 

y fc:/ 




u -■ sin X sin y 
V - sin X cos y 
YJ “ COS X . 


Coninare ihc ■orovious jiiotnods r^'OrllonGrl ^ l.o. In 

sinTolost form (rage 11) ind. in iso-nori;riObr'ic fc’c^T; (o 
5) Per’ VO (95'' from (91'> and (94). 

7, Ixivarianco of f be Ru ler Pgua h Ion. Or pa-'':.-:- lo ’-'O 
blonod tba.t the Hulor Pqviation may bo ■huoni-';li+-, of as 
a;onGr illriafciori of fho vocto’'’ ■Dqu.ation gra.d f 0, '-fn 
f = f (x^ y . . » . 'lo rocall t'hat if the indO'oond.ont 
variablor aro transformed into row V'.riablo 

4. (x^ , . . . :c ) , . . . ^. (x. . • • ‘X ) such a v;ay t:iat the 


"1' 1’ n 
Jac oblQ-n 


3 ( 9 * • • 

3 { y ♦ 


G or 00 


^ *^1 ^ * * * "n ' 

then If s;rad(,^jf ~ 0 .it a point (x^,...x^^) it v/ill follow 
that grad^^>f = 0 at the corrospondlng point 
ifo say that the oquation grad f = 0 is invariant under 
transformation of tho coordln.ito systom. %vould then 

expect that the Ihiler equation should also bo invariant 
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undcr tr-iV; 3f or-.'. ■’■Kior. of the c oordiriCito sysfoi'u T'i'iot '"his 
is so r.iay "bo V'jrlficf ly co?jsldori]ig the r-ocu.lt of roplscinp; 
7 : hy 5 -- k{x.) in 
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:i 1 . d e oe 1 1 d o 1 ’■ ii 1 i b 1 e 3 . 

The j.ioodoi .‘ipco vof tlie oolo"’ oyppossion ir 0 poofoii 
p-^nocliile ill achnrilljr coii'PPi;l'''g ■'* bo t^'^orsfo’^:’! ed differential 
0 . 77 . TO'’ 0 - s 3 j o 1 1 * Ct ‘0 0 f 1 1 h 0 0 s i i i '.ri '3 o r ai 1 1 d i f f e i'- 3 1 . 1 1 a ]. o o 3 i .n. h o r 
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The I e ■ -q n d r o C ondl 1. 1 or! . Ir the theory of exti-’cxa of 
fTarctlo^'iS of a slnp.le variable, a iieceBcary condition for 
a niiTjcTV.iTi , boslrtas f'Cxl = 0, is that f' > 0 (If it exists' 
A condition sofnewhate analopous to this will he seen to 
1 in Calc-alixs of Vaf’iatlons . 

Let -us snpnose that there Is an admissible f’anction u, 
which ■ , ' 
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po 

Ku'' =: I TT^K/a/a' ''dr 


ILHIil''!lliI!‘ T'lnen Gft' ™ I(u -f has a rrhnir::ur'- at t •= 0 : 
ac a or dlri€>;l 77 G^'O; =: 0 (from mhlxl? follo^'as tho hrler aquablorj 
[p]^^ ~ 0 and also '"’"(O) > 0^ assuTdro: its exi at ro'^re . Pence 
for ovary afniiscihle 
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1.-4. a. 


uu 


■’0 cjiooso a special varj iticn 


u 


o 



p 


4(x.' 




H 

l:\ 
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! : \ 
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If we S' ■fcstl*:.xite t-,h.?_s function in (S9''- and l.d; c 0 , the 
terrt"! 


1 

— O' 

e"" 



p 


djc 


will doiclnato the left side of the Ine.'iuallty (99'^ and 
detenr-ar.e its sign. ' Thus the sign of detornines 

the sig'n of f''(on ^ miniinum, the weak Legendpe 

Condition 

yOOO) F^t^t > a, ■ ■' pi 



must, hold for -^11 points oxi tho curve u. '”e ho’^e seen 
(•'OS VO that ^ 0 is essential in o'scler that the 

Eulerc equa-'-.ion should not de, 3 :,ener.ate . In man:/ .orohlers 


the st'^onv Lever. ore condition P , , > 0 holds, hut this is 

still ’cot suf flc lent to vu-runtee a mini nun. (’"e vill see 
in the ••••leut ch.'.vte ic that if F^,, r - 0 for all a.i'iris • i'-le 
then a solution of the Paler eau-ction is a ininlnuin. ' 


Prchlens fre-'entlv tulce the form 


r ( 0,’ \ ^! 1 


I 


for rli.^ch F^-,, t-.i = (1 + h'‘") and I< 

so that for such a function T..eg3n:dre ’ s condition is suf- 


* * d-: ' 


> r. if c;(h^ > 0 , 


ficient. 

In case P cont'Jr.s more dependent funcnlons, ■'-tje 
Legendre condi-^’lon is th.ifc t'ce r5'.atri': 


be positive definite, th rt is 


for all X. , X .. 

i’ j 



h.X.P ' > 

1 .1 u_. u . 

.1 


0 


Problems 


I'l Verif'o the Iasi: statement above. 
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1. T he Legencre Transfonnation . Transformation from po^nt 
to line coordinates is frequently useful in the theory of 
differential equations. Vve consider first the one dimensiona] 
case of a curve u = f(x), which can he considered as the 
envelope of las tangent lines. The tangent line at any point 
?:,u is eiven by 


, 1 ) 


U H- xf ' - f,y} = f * (x)X , 


U and X being coordinates along the line. The line (l) is 
determined by its coordinates (i.e. slope ana intercept) 


: 2 ) 




= xf' (x) 


u 


where a unique value of (q-, wi is ascignod to each point ix,u) 
The curve u = f(x) can then be represented as 'n = X( e) on 
elimination of x between the equations (2),^ which can always 
he done if f”(x) o.'" Between corresponding sets of coor- 
dinates (x>u) and ( <^jw) referring to the s--"'e point on 

the curve) there exists the symmetric relation 


(3) 


u + w = x4 


in virtue of (1). 

The equations (2) allow a transformation from point to 
line coorainates. To reverse this procedure we suppose w' = 
is given and find the envelope of the one parameter 
family of lines 


'if f''(x) 0, ^ =. f ’ (x) ca'n be solved for x> and substitution 

in w = xf'{x) - f(x) gives the required relation. Inversion 
of w = xf'(x) f(7.) instead of C = f(x) requires xf"(x) ^ 0 
so nothing is gained. The points f''(>) = 0 (inflection points) 
are singularities in line coordinates, and f"(x) = 0 repre- 
sents a Singh; straight line. Similarly = 0 is a cusp 

:tn point coordinates, and = 0 represents a pencil of 

iiines through a fixed point (no envelope). Duality is ob- 
served as points on a line (f"(x) ~ 0) and lines through a 
^int (%"( |) = 0) . 



II EaMILTON JACOBI THEORY - SUPPICIFRT CCRDITIOHS 


II-l 


LsfiencTS Trsnsfonnstlon . Tr’ansl'crmation fpom po?nt 
to llnG coo ru .ins ta s is freouently useful in th.e tiie 0 P 7 /' of 
dif fere:.it.i &1 equations^ 'A'e consider first tne one di’Tiensional 
case ol £. curve u — f(x)ji wliicti can be considered as tiie 
envelope of ins tangent lines. The tangent line at any point 
j?;,u is given b^/ 

(1) ^' + ^<f ' ( 3 ^ ^ - f v>-) = f ' (s:)X > 

U and X being coordinates along the line. The line (l) Is 
determined by fts coordinates (!.e. slope ana Intercept) 

(2) J ' ' 

i vj = yf ' ( 7 .) - u 

where a unique value of (l-jvv) is assigned to each point (.x^u). 
The curve u = f(x) can tlien be represented as w = A'( t) on 
elimination of x bet-ween the equations ( 2 ), which can always 
be done if f'’(x) 7 ^ 0 . Between corresponding sets of coor- 
dinates (x,u) and ( ^,'.0 li.e. referring to the s;--''e point on 
the curve) there exists the symmetric relation 

{ 5 ) u + w = X 4 

in virtue of (.1). 

The fcrquations (2) allow a transformation from point to 
line coordinates. To r^'werse this procedure we suppose vi' = 
¥i;( 4) is given and find the envelope of the one parameter 
family of linos 


If f''(x) 0 ) 4) =. f ' (x) can be solved for x> and substitution 

in w = xf’(x) - f(x) gives the required relation. Inversion 
of w = x,f'(x) - f(x) instead of C - f'(x) requires xf"(x) 7 ^ 0 
so nothing is gained. The points f"(?) = 0 (inflection points) 
are singularities in line coordinates, and f"(x) = 0 repre- 
sents a "single; straight line. Similarly W'CC) = 0 is a 
in point coordinates, and = 0 represents a pencil of 

lines through a fixed point (no envelope). Luality is ob- 
served as points on a line (f''(x> 2 0 ) and lines through a 
point (l''( ^) 2 0 ) • , ' . 
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(4) 


U + 'fi' i ^ A , 


^ t'j.a.S </vG d. H Ji f vj; n fc j ci "fcs Wl tli PCt^r.Oct tjO trie "i”! & P ci iT^ 0 t e T E, 

and combine with (4), setting a = n and X - x (cco-dinat^s 
elong the envelope), obtaining 


(5) 


." yr zz f { 

J " 

4) 




11 

*-< 


w 

The out 

1 i ty o f 

the transformarl 

on 1 s 

evident on co'^'Pt risen 

of (2) 

and ( 5 ) . 

E'l imi i n a t i cn of 

t in 

(5) to obtain u = f(x:) 


is possible if 4 0. 

nnotht-.p mope fopmal way of deriving (5) by inversion of 
(2) is to dj f f fc-'^entiatc equation with respect tc^ 4 treatii 
u,w iV'C 0 13 functions of £ • ’<■■■0 have 


4^ 

J. 


{:x ) 


dx 


d 


So 


+ 




4 ) 



But, since - L M>0 from [2), this T>ecuc0s to 


7 = A’ ( £) , 

and tho other part of (5) is obtained by substitution in (1). 

The j'orogoing can be easily extended to the case of n 

indopendont variables. we have u = f(x, ,...x ' and introduce 

X n 

as coordini-tes th^ direction numbers and intercept of the 
tangent plane to this surface 


( 6 ) 



The parameters can be eliminated 
^ O/' (i.o. the; Jacobian of 4^^ = f^i;^ 


if the Hessian If^^X-j 
does not va.nl5h) yielding 


'‘The condition * 0 means that the family of tangent 


pianos is a. smaller than n parameter family. For example, 
with n = 8 there is a one panmeter family, l,e, a develo- 
pable, or a zero parameter family, a plane. 



w 




n 4 t ^ • 4»~ ♦ 


“n 


As befoi-’e^ the s vm'r'etr-j c r£l^t;'on 

n 

( '7 ) u + w = 


) r^.E. 

zl_. 1 ”1 

i=l 


n 


ax . 

\ f — ^ 

! . 34. 


i=l 


v’Jith re 

spe ct 

to ct 

n 

+ vv = 

X . -t- 

\ 


J 

i = l 


t 


’.vhlch, on using ind then substituting in (7) 

i-o suits in 


( 8 ) 



Tht..‘ LegLudre ■t'^n nsfor’nt. tion is *^iOst i’r u :iu:-r: tig useful 
in trunsforming Ccr-tiel diffcrcntlcl eq^u. tions in •/■'hicb 
derivatives .‘].:]:wcr in i. uorc cor'p] i cu t>^d fsrvi tl\.-. n the 
i nd e p C' n cj n t v t p i t fc ]. o s . 


2. Tha li st:- nco Function - Heduction to Ganonicsl Fcn-^ . In 
this chart'- r wc will be concern-d with the variatlontl pro- 
blem repre ov:-!" ted b,y the intogrtl 

_ ' ' 

(9) I(u, ,...u ) = ( if'is; u-.,...u ; u,,,..u )ds 

1 n I.', 1 n i n 

t 

of vrhich the hulor equations are 


(10) 


•^i 


~ P j = 0 
ds ui 


The solutions of (10) (e>. trcma.ls) represent families of 
curves '>J-j_(s) in the n+1 dimensional spsico (s^ u^,...u^)j 
It being possible to impose on each curve 2n conditions 
.;(lf we ignore- degeneracy). Thus we can consider a single 
Ipurve passing through each point (C.>'k) of the space (i.e. 
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s -tr, u. - k . ) unc sat5 'n.Q :here ike iratia] renditions 

I S i. X 

'*^1 ~ ■* consider an entrernal to connect every oair of 

points (o,k) (tjCj) In some neip:h'borhood (boundarv value 
problem) j or vio can consider an n parameter family of ex- 
tremals passing through the point (x,k), leaving open the 
remaining n conditions. If we restrict the path of integra- 
tion of vo) to be always taken along extremals then a unique 
"distance''" 1 is associated with ev-xy pair of points ("C^k), 
{t,q) wrm‘ ch Ci,n be connected by an extremal, thus defining I 

as a function of the £n + £ variables (X \ . h<. : t* q, , . . 

q ): - n 

4 - 

( 11 ^ -i- ('C' , ic , t , q ) ~ J F ( 3 , u , u ’ ) ci s . 


i^^n Gssontial concect in tne thecrj" of sufficient con- 
ditions is that of a field which is oefinea as follows; a 
family "f ccr'/ec in neigi'iborhood is said to form a field 


if one and only one curve oi' tho family passes through each 
point, cf tli.e neighborhood. In ]-articultr an n ptrameter 
family of extremals through a point can form, a field, and in 
genert^l to form a field in n+1 dimensional space an n para- 
meter family of curves is required. If we have a neighbor- 
hood covorsd by a field of eortrem^ls through a point, then by 
use of 111) it Is possible to aeflno a single valued function 
I over the noighborhood. In this ct.se it will be convenient 
to work in the ndS dimensioncl UT,3ju) space. 

As an extampls consider 


( 12 ) 


r 


V 


/ 1 + { 


ou ■ 
'ds 


a.£ 


for the 


1 s 


d^u _ 
ds2 ” 


.length of a 
0 . .fkre n 


curve 


1.1 ( s ) , 
e nd we 


fov which the .Euler equation 
h£ ve a two parameter family 


P— ^ 

If F is a quridratlc form in Uj_ then the extremals are geo- 
' desics and I is actually distance. More generally P can be 
considered a m.ctrlc in a "Plnsler Space" with. Flnslor dls- 
|''tance I. 
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of li L 1. iiifjs ovS L'T’O'iTic 1 £ 5 "loliiinp 6V‘£'py ■p^ * P poin'ts 

in tbs {z,u) r]£.nc. If (T>k) is fiyec vfe bcs/t & field coti- 
sisting of f-.ll rLjs f'.ronpb (T/^O , tnd 3(t,c) is t cone v;ith 
vertex tt (Ujlslr'l in the three dii^ensionc;.] s'pi--ce. 

If in ni) v;e hold (Tjh) fsst, I is defined us function 
of (t,q) in s. neighborhood of (t,k) und this function cun 
then ho considered to depend on the ni-l porumeters (c^k). 

By the usu.-I rrethoa of eliminj. tion of purumeters l. nsrtitl 
difforentiol equetion si tisfied by this n+1 pcri.^ieter fumily 
of functions cun be found, namely; 


I, = P{t,q, q' ) - 


n 

’i; — * » 


it,q,q' ) 

S . ^ 


(15) 


i 1 = F~ 1 { t , Q , c M 

qi_ q-i 


which is i-clition b'c t’weon the n+1 derivutivss 1., e>:- 

pressed implicitly in terms cf n puruTncte‘-‘S qp,...qj^. VVs 
observe; the t the forme. lism for eliminutinp the. r.v remoter s 
q’ is exi. ctly tht t of tb^. L-.genc.re Tronsf ormt tion i’cf. (S'!). 
Rethor thin proceeding in this uuy, wf. shell impose the 
Legencire tr!..nsfor''V; tl on ct the outsot, in ■ f), there, by 
obtaining tho reduction of (9) 2 no (If) to ctnc.'nici.l form. 

Wo observe, hovv..:ver, thut the proper Legendre trsnsformstlon 
Is up'plied in t.:;rms of u’ (l.o. q’) v/hich would necessitate 


subjecting u to i. very complicited trnnsf ormstlon. In order 
to c.void this difficulty 'no introduce the functions = Up 
und cons.lder the xu-rl e tionul problem 

.,t 


(14) I(u^,..,u^; p^, ...p^) = / F(s: p^^...p^)ds 

% 

subject to tho side conditions 


Pi = hi . 

This sug.gosts the use of the Legrunge multiplier rule by 
.iithich (14) becomes 



n 


1 p) 


! [P(s,u,p) + )■ >..(u| - P;.)jd.! 


for which the- lul.r equations c. 




S 1 


i'.nd c-limin;. tlon of finally let 

^JL 

(15) I(u,p) = /’'[P(s,u,p) + '' 


Since the Lenran^e mih 


h - X. = 

Pi 1 

0 , 

ads us to 
r 

consider 

\ ‘ t 

- p , ) ] d 


X* ! 

> 

-i- 

1=1 


■riction on 

F ^hat 

lie was not 

0 V 6 ci 


^or‘"cliffe- 


rentlel eqnt tlons ts sloe ccr.cil tlcns j v/e scceet (15) erd show 
indeyerdentlj thst it is equlvtlenb to (9). Sy equivalence 
we riCun tnet , elthough the fcnctlon sfs.ee over which ifu^p) 
is cefined is tnuch wla-er (2n ino.e-penaent functions u end p 
rather the.'" n functions u)^ tins eotrerals for both intearals 
are the st-nc. hrifinr down the Euler equations of (15) 

n 

\ ■ t p 

F + '' t' { U — n ^ ^ 'P = 0 

’Ji / , p..t:,^’^i ‘1 ds -p, 

i=r 


, ■ ‘^1" " ds ^P-T 

T“ -t J o 


"h " 4 


hiPhn-. - pf - h, 


I *1 T 

Pi*Pi ^ i 


I _ / ' 

But^ since ix*,.,,. , r the socc^a equation irr.plles u. - p. 


0, and sutstitutior into the f'rsr yielo! 


F‘ - P » = 0 , 
t as u ^ 

which is the set of Euler equations for (9) . It is interes- 
ting to note that tii variational protlen (15) is degenerate, 
2n first oraer equations replacing n of the second order. 

In 115) the u's and p’s are Independent, so the Legendre 
r transf err'ation 



V . 


(16': 


Pi 


. ( s , u , p ; 


\ L(s,u,v) = 


\ ' 


- c''(&,u,r. ) 


can oe appl^'ec treating u ana s as pars-rieters . 
dence cf L on 3, u, and -j is given by eliminating p frotn 
(16). Tile concition for elltn'' nt-.ti on 5s sitlsfiea in v'rtue 
of OLtr assumption |P-d_. ^. 1 ? 0. i'/e ncv.’ have 

— o 

r">t 


(17) 


Ua ^ V ; = 


n 

r , 

[ y V . - L [SyU : cl S 


1* -z:l 


whicii is i 

in 

a degenerate var 

-• i t iona 1 j,. r cb 1 sr 

■ in Che isn 

func fciens 

i u 2 • 

. .u ; V , , . . V ) , 
n 1 n 

'T'ne Su 1 e r e qi; i 

tions cf (37) 

take the { 

:;c n Di:n 

Ci 1 form 




(13) 


V* 

l:S 1 




g 

as 


u , 


- I.r 




t ri :..f orm^. t ions bave 


cl£. ssical 


mechanics ^ tho equations (1C) being LhgvE.mze ^ s eqnt. tlvons of 
motion for a conserve tlv<e :!n the generalized coor- 

dinates n. t-MC. m -'’onta p.^ (or v.}., F being the: dif -^^.rence 
between k..*net.ic tnd potential energies^ end L their sum. 

The ciaionlcal (18) enn of course be derived directly 

from (10; vjithoiat reference to a variational integral . 


#2 

Xj m 


'inc 


Hi mil ton- Ji cobi 


will now consider (17) 


Partial Differential Squetion 
in & neighborhood in whic5a ■' t 


i s 


\A/0 


assumed th,c-t a. unique extremal exists joining any two points 
("C^k) (t,-q), the conjugate furiction v taking on the x’^alues 1 
and (1.0. V. = 1.. 1 1 s = t, v. = at a ='T), The extreru 1 

X X 

pas'ing through t’cese points c^n be represented by 


m g^Cs^tiqjtjk) 


U9) 



ii-b 


'Where 


ih a. t,q /C,]:) 


* V 0 j» e j Q ji t If i-'C j 


j c -1 ^ ^ ^ ^ ^ ^ ^ jf ^ ^ p i jf Q ^ V ^ It j '- ) . 


c 6 r e o f 1 nd the p c. r b 1 l 1 d i ± f'e r 6 n t i cd 


eque non 


srtisfiod the function Ilt,q;,r/.n) 


y'je rust ctlculite *:tt 


pt r t U J a er 5 v 1 1 j ve s ^ I , 


etc, end this cm be acre 


w u V. ^ ^ V n ^ t-iiu uii_. ;:i ULii ut: u 

ir.ost conclbc.37 by use of the rli ticnol syrrbol o. 

the iridopcnaom: v!:r:iL.’cles bo i.-Ven -us functions of i 

meter e; V'Z. tU), '^(e), q.. (e). k.is), l.{i). h.'e 

- 1-111 

then be 001-10 5 function of e. b.3 hors 


= j ££ -t- I dir ^ \ 

lie t C £ 'C C!.£ / 




md j£tl:,:n£: 


uo 1 


r -, dt 

61 , -rr 


6t. etc. we 


61 -- 1 , 0 1 + 1 b t + / 




Perl' crir •■ nr the vfcriotion in 


/'• t U ) 


1(e) 


where 


we £et 


- I 

- T- ( £ ) 


[ 5' u . (e ) V. i c ;■ 

- 1 1 


L ( s 5 u ( e ) , V ( s ) ) ] < 


u^ ( £ ) = f . ( s, t ( £ ) 7 q ( s ) jT.( e ) ^ k( £ ) ) 
Vi(£) = gj (s, t (e) .q(£ ) ,-b(e ) ,k( e ) ) 


61 = ■ L(t,q,l)j6t - - LiT,k,X)] 5 'r. ' 

/-t ^ 

+ / V (,ul6v. + v.6u. - L,, 6ti. - I.„ GvOds . 

/ ' 11 1 1 1 V- 1 


i=l 


The terms ^iul - )Ur.)^v. In the integrt 1 venlsh by (18) 



IT. 


(u 


c no V c tk ^ IS ; ^ Ltici cn In sir* c- ting tr 

orn inlng terns in the Integral becc-^e 

j^t 


the 


[>: 


V . 5 1 - J - J ) ou , c s = 

-js J- X Ji. 




[ V , ou , ] 


_ 4- 


X - lai 


1 


We nen c7i.Ie.‘tu 6u i t s t mo s 
to oq *'3 i:. DC Cl !.'■ ee j. ii bQ tliL' I r f cT. t i o n. s nc n 

b !5 o S' - G L. cn "L to t till. t ns <, f tc*’^ s Ines beconc^ *. on 

of e. biff crnnitln ting [19) \ec he vc 


(22) 6u - f T Qi: 

However, d If f orent 5 e t ing the fii-st relation in (20', 


C O / 


vi/bero f' 


oq = J/'ot + f,.£t - f 5q i- f DT + ok , 

^ q. -C V ’ 


G'3r;lvut-: v'C of f v;:t.h respect to its first 
t: 1 . 0 . f' = q’. Ey equi. ting 


.iPgum-ent, e lu tod c, t s = t* o- ( = r< t 


coef’i' j ci er. ts of tli(v Vc rlous o’s in (23; v.'C see th.it f^^ = -a' . 
f ^ = 1 J f^, ~ 1',^^. - 0 evnlut. tc-.a it s = t. Si-plliplp’ f, “ -tS 


•k 


1. f. 


= 0 nt s = T J tnd (22) reciucos to 

= 6q - q’6t 
ok - k’6~ , 


#*V *1 •* 

u n 




frorr wh’ch VvC 
n 


3^-1 

and finally 

(24) 




n 


61 = / L(t,q^l)6t 

T=l! 


X,Sk. + X.kIsO) 

JL i. J, JL 


n 

n ksi'i 

i=l 


+ L(t 6X . 


(file now reeci off 

S»;: 

j'^The sue script 1 is owitted. 
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, ly. = 1, 


( 25 ! ^ 




T 

'"k*: 


-/■. . 


In p£.r tl c’j Ifcr if we assniT'e t5e endpoint (xoi') la fixed, 

1 os s ' ni'.c r.‘i on cl i and q satisfies the first order Eanll- 
ton-Jacobi partial differential equation 


(26 ) 




obtalneo tp elimination of the 1. from (25). 


Probl emi 


hvsiufcce tne j.)crtlal dei’iva.tives (25) by direct al.fi'eren- 
tio.t1on rctnsr than 'rarhetion. 


Th-: eopj-tion (26) wt s derived froni a fu’'.ctiori T 
having n-1 p:. ramsters, cut Its importance lies in the 
existence of other 'oore general solutions, depending on 
ar’bl trar 7 y fuiictions rather tht.n cn a number of parameters . 
These sojutiors will be shown to ror.Tesort distances '--easured 
fror,' an initial surface rather thin fro-r an initial poi;it 
as i' bcve . In order to rnoti’va te the manipulatior to follo’w, 
we will first aiscuss br^'.efly the general thacry of partial 
differentia ' foqu* tiors of the first order, oroofs being 
given only when necessary for our application. 

First of a.ll, it Is clatr thfxt if from an ii parameter 
family of solutions of any partial different? ti equation 
'NS form a.n n-1 parameter family by considering one of the 


para:r,eto-rs a.. 


function a-.f the ethers. 


f ( 


n - -- - -n - ^"-1" •• “"n-l 

the enva-lope of this solution with respect to its n-1 para- 
meters is also a solution since it hfis at every point the 
same tangent pla-'ne as b Icnown solution), and in fact depends 




on f-'n arti trary function, na-.mely f . 

i'Jo’w consider the siir+plo ca-se of a first order quasi 
linear partial differentia-l equation in two independent 
%firl; bj 0 8 

t: ; 
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(27) 


au -i- V- 
X 


cu 


&, b and c belnK functious cf x, y i-no u. Geo--et-,’ ca] ly 
(2'/”) triab at every point cf & solution nix^y' tbs 

nornal to t!ie surface u = 'u(xj y) (airectlon co'tpcnents = u ^ 

k . ^ 

Q “ " 1) 3-Cular to ti;S line elevjent havint 

d 

coTup oner; to at this pa-’ticulsr point- In other words 

the eJement of curface contains the line elsment (■:.,i:C). If 

‘ra^nary d ifferent-’ al equations 


we IntepT'k^tc th 


(23) 


ClJ\ 

c. s 




GY 


- b(x,y,u) , 


az _ 


c(x,y>u) 


as - Q^g 

we yet a two parameter field of c b ar a c te r s t i c cu rvs s in the 
x,yj,u sDGce. ^^ny solution of (27) is a one para^-eter fa’-ily 
of che'^bcterlsti csj ana conversely. Given a ncn-ciiaracteri s- 


tic initit 


cu"’ve X 


■ (s)> y - y(s), u = u(3'S the farnily 


of char;- cte^'isti cs intoroectiny this line traces out an integral 
surface. In this waj wo iravo reuuccd the proDj^..-': of the solu- 
tion of the po-rtlal dif f erent i ;■ ] uq’-.atior, (27) to that of the 
Into ora tic;n of tb'r tbrs'^' crd’r.&ri, c' ff'.?i''-nt1 a ] i-quatlons (23). 

It is dear tin-'-t t>'.,o intcyrai siirftces car. inters: ct only along 
charu ct'.'rd s tl cs, sinco to any coirMcn point holonys the v.'hole 
chan ct.,ri Stic through that point; and conwcf’sc- ly this pro- 
perty ci'"r f ] etc ly characterises the char-'t cteristic cm-’-es, 

.Let us row consida-r th: ’rorc- renor;. 1 o-quation 


(29) F(x,j^u,p;q) = 0 . 

v’ve note thivb for a linear equation (ajLvc in (27) functions 
of X and y ?.lon&)j the characteristics are independent of u 
and form a one parameter family in the x,y plane. Prom this 
wo would exp-ect that the- cna.racbcristics in the general case 
(29) would uep^sncL not only on u hut also on p and q, and would 
,not be fixed curves in the x.y^u space. In order to reduce 
this problem to that of ordinary differential equations It 
would therefore seem reasonable to consider curves x{s), y{s)> 
u(s). p(s). q(s) in five dimensions. In the x.y.u space. 
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sijca c\ivv<v Tcrresciits t. spj. ca curve (s)^ "j [ s) , u(s) to- 
ge-crr-r '.viuh sur-fc.ce sTeTnant p(s), q(s) cssociitoa v/lth 
occii piuint. i-.'c L given point ( 29 ) el lows t one pen 

met^jr rolj tjoa k'--, tv/a-^n p end q. G- 30 T^-et'!^lcelly this neens 


ecci'i point. Ht L given point (ic,y>u) (29) el lows e o 
meter reljtiovi 1^ twa-k-n p end q. G-30T^-et-!^lcnlly this m 
tho oi. I j- . Ck.' element (tengent pleno) treces out c one 
meter i'emllj passing through the- point, end -j.nv6 lores 
(in the qvt silineer cese the core depgccerr; te s into c 
v-'itii 1 . one j. eruTretcr femi xy ot menk^s thro^igh the i in 
line ■cxements of these cones are tide chert cteri sti c d 
tions and arc given be the dlffcrentltl ooua tiers'" 


c one pare- 
6 lopes a con€ 
nto t line, 
he ]lne). T1 
Stic dirsc- 


ox + q F . 


A curve vdni ch is a soluti .-n of the spstem isuni^ct to 

(30)) ht.s a cl'jt rt cteri s ti c cit’o ction at ovc-ry roint, but a 
family of such curves is not nocesstrily £ n integral cf (29). 
in oracr tlit t these curv-. s lie on, c.n intep'rtl surfh cc p and q 
must si-tisfy the two further ■>'’C 1;., cions 


(30) ) 


- (dF + F ) 
- u X' 


Using (to'' £ na (51) vic nav- live oruint.ry differential eq'ja- 
tions in the t'lve variables ns), y(s), u(s), p(s', q(&). Ii 
general a soliiticn curve iTill exist pi.ssing Through an arbi t- 


:i 

nit? al 

point y^. 

U 4 

0 

P,. , q^ . There is a- five 'cara- 
o o 

Tt?€ to V 

f Lcn i 1 y 

of scilutior-s. 

tut 

slnck- s a.dmits c 

■>f an arbitrfry 

ct 

r 

tlon. 

;.nd (29) is a 

rcf It. 

tion between the 

' initial values 


the solutions reduce to three parameters. intercreted in the 
{x,y,u) space, £.n ■Initial value is a point (x,y,u) and a 
sarft.ce elc-moiit (p>q), Yviiure (p,q) is not arbi'C’rary but must 
satisfy ('29) (i,e. must be tanfcnt tc a cone). Givan such an 

initial value a chara cte?risti c curve }?(s), y(£)> u(s) is 
de termi '"‘.-.d , a.nd vith it t^'figent eloments p'is), qls) comprising 
cha.ra cteristi c strip , i.s in the quasillncar ca sa; Integral 
css are composed of one parameter ies of charac- 

Phistlc curves or strips. Given an initial curve x{s) , y(s), 
*,5 ) vve use the relation . ' 


||or proofs of the following, see Courant-HiXhert, Vol. II, 

h^xapter I, 4l . 


d\j 

as 


^11 = :4h ^ ^ = gy , 

'j-’iC. a:-' cs c. 3 < ds ds ' 

together '"Itl.. (£9) to deterTnine the reir-aining in: tlsl r-alues 
p(s) eiiC q'.b'j the inte-or&l surface being gl'^'en then by use 
of ( O'O ) and (31). Here as before the characteristics rep- 
resent intersections of integral surfaces. 

Tioe general partial differential equation in n indepen- 
dent variables 


(o2) 


-j; P;^,...P„) = 0 


is so'me'A’hat rrore general then equation (26) with which we 
are concerned, since the dependent variable, I, is absent 
in (2c), but this difl'erence is u'-'-essent: al fc 'r, If instead 
of loolnlng for- t solution of (32) having the fcrr" U\n^,...y^) 
consider it to be pavon i ci tl j as 

V ((u: 0 , 

we can rev/ri te (32) as a alfferent-’ al equation in the n+1 
independent variables u, 'Ae have 


^T.dx. + 't' au = 0 
'^1 1 -u 


and 


1= I 


^ n 

du = ) 

i=T 


n 

_ , 


i=l 


P . dx . 

i 1 ^ 


from which we obtain iTmnediately 




■Vx. 


'u 


equation (52) becomPng 
(33) 


an 


■^i 

F(x3_,...y^; U* - ° ^ 


,ln which the oepenaent variable Cp' no longer appears. If we 
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consiccr the l-nrTic3t ri U.ticn (cl) solves for 
q? loy 

(26) 


^nd rerda-ce 


Cp loy - 1 . ,« u oc X } &.nd by 'Fg -ft eytctlv 


( c4 ) 


-t L(t. - j . 

I'he characteristic differential equations for (Ski) are 

n 

au _ T ’ ,, °--Pi 

-- ■ ritp , — =-';f 


Os' 




ds 


i~l 


z.« 

X 


r'ZD-- ) 

X ' 


vdiere we have 2n+l differentjal equations In the 2n-*-l variable 
y-j^(s)j, u(o,h p^(s). The corresponding characteristic dlfferen' 

t i a 1 a u a 1 1 o n s for (26) tb. If e t ) i e form 


au . 

1 — 


dv, 


I dt" ^ 


“U 4 
X 


(35) 




- 


n 

\ ~ ‘ 
/ 

z ( 

1-1 




't _ 


where we have set v, = arc -a’-C'-. x, fo- the ca ■'-a'-'-eter along 

the cha.rt; ctoi'l s ti c ci;rva;s. .Here there are 2n-»-2 differentia.! 
oqua-iticriS for th.e 2rj-(-2 va-rUbles u.it). Kt), = vXr^, 

J ' ' ' \ y 


and I ^ ( t ) . K o wo vc r ^ v.;e see t ''*• at s 1 n 


ice 1 erd I 


not appear 


in I-,, flic 2r qiu- tlon 

du , 

(18) 


d t "v. 


d-.’.. 

dt 


can ho troi. ted as a system in Itself, independent of the 
other two. Eut these are exactly the equations for the 
extroir.als of our variational problem. 'Ae thus see that the 
extremals of the integrals (1.4:) or (15) are given by the 
projection in tho (u,t) space of the characteristics of the 
corresponding htmi Iton- Jacobi partial different.Ial equation 
(which are in general curves in ths (i,u,t) space). In the 
exarap le 


( 12 ) 



Hamilton- Jacobi 


/it 


/ a/ 

‘'"C 

equation is 


1 + 


/duv2 

Us^ 


as 


"t 


+ I 


2 

u 


1 



i- J. 


.1 


of wnicia the characteristics are straight liir s in the tj>u^I 

and the pro- 
5trLlp:ht lines 


space ri 

^ L ir 

i n 

■G c. /I o-'' 

jectloi 

■j s 

{ 

t'>v?rrt 

in the 

t a 

"0 

pli no 


'• ri 

GV 

CO-GC 

solution 

of 

tht^ ; 

the eytre 

"v c. 

Is of 

solu tic 

:n 

Ic 

m e L. n 

f '1 

T 

/ x. 


dep-t^nd: 

lIj.^ 

on the 


V. j th the t^n plane;* and the pro- 


-•nct €. 1 ' 


. . u 




iniu.i 


a is .‘additive since only derive tiaa:, s of I ej.peLr in the 
dif f orontic 1 equt-tion)* The envelope of the n TDa^ca'"’'eter 


fi.mily resiilbing froi^ settrng a = fi 


J 9 • « 


) is octiined 


ro'-n 


( 5 ?: 


i 4 V "t % ai — I ^ • 9 n « oL ~ 

a " 1 T) ^ 1 


5 * • • 


/ a 

I 


■ 1 , . . . n ) j 


= 0 


by ulir;;: nt t.j ng tl-ic p;.rt.nie.ter& £.^. in (E'o) L.no (S'/). For 
ec ch of bbo the Intersection of 5t ' tnd (37) is l. 

ch£. i’-- cteristi c , (the intoa-rj.] snrfc ce gi'.ren by the envelope 
is trv cti-d oi’t I;;/ l.II evr-ing the c. to t^ke Si-ll th- i r rtlues) sc 
the projection of this chi r£ cteri sti c in the t^n spnee nonely 
( c7 ) , is th'.c 'S.|U£.tion of i.n eztre.'^f 1 (reoresentod in (37) ls 
the intersection of n surf? ces) . Since the function f is 
t..rbltriry the qusntitiies i... = b. ct.n be given j.rbitrt.ry 

! ih trh 

■ i^i 


V u 1 u e s i f n Q s i n c e 


,-u^ 1 ^ ^ equations (37) cm be 


solved for u. giving 


(33) 


“i = “i<*’ ‘- 1 ’ 


•‘-n- bj_, .. .tjj) 


Which is the requirea 2n p^rt-tneter ft.inlly of eoctremels. The 
theory of chs.recterl &ti cs ht s been used only for Tnotlv&tlon, 
and vjo will now prove this st£ tement independently. 

If from i complete solution I(t; ‘^■'’’*^ 11 ^^ 


1 
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( <c'b i 


Lit^U.l ) 

U U 


W3 cUfinc th^- functions l-.-ollcItly by 


n 


( o ^ j 


( f 1 1 J ^ ^ ^ • U ^ ; C> ^ ^ • o * C ^ ) - C . ^ 


a .i- - '1' n- 

onci th'. con juyot.: functions Y,[t; 


y • • • c* 


n 

i - 1 .... n 

; b. . . . .b' ) bn 

n 1 n‘ ^ 


(40) 


V , 


J- n 1 n 


tho jj-' re to to rc-pli cod by their voluos frer:, ( 31 ), vc get 
L. 2 n p: rir"^ t-.i-' fhmlly of ortreri Is st tlsfpinp tho ci.ncnici .1 
equi-tiono du./ut = civ^/at = - . . 


i.nd V. fir ci:l\s o t, no b. vc 

1 L 

rost'C c b to t , ( t 1 n:; u . cons ti rv 

I ?- 

ouU b. constant'' obt?. 'nxny 

^ ^ ,-S-, 

jL-— ,j J -t 
1=^1 


of t , u . , end t 

vr • +->> 

, . ' _ d-ij. 

u . 

1 

1 

1 

VC 0 if fere n tie 

t £6 ) 

'o: tb 

one (Ct' w‘th 

respect 

to t 


n 

\ 1 




i i '-nj 9fc 
.1 -1 


Subt^'O c t.l i'l,;'' : '"lO ri;'rr'C"Titcr;l na the t jl, | f- 0.- \v e 'tc".- 

*■" 5. 

d-a./ot •-■ i„., the. totil dt.ri-/£tivo eu,/dt i>ro'ying tnc-..b 
<* 

"i 


y " ■■ '^C‘ ' J’ 

: nd 1;, i. r'- hf. ]d const? nt. Si^iltrly d:' f for. '-r t'! l ring \40) 


with rospect to t end (26'> with r-esrect ij. ^.c 


dv ^ 

— ±- = '] . + ) 
d t u,- 1 / 


au 

r ......laj,. 

•U^u^ dt 


j=l 

T1 

< 

^-tui -^1 ^ / ^/Uu=u, 

-b 4 . 4 - vl. J 


0 . 


pSubtructlng wo ebtoin 


dv . 
1 

dt 


n 




0 = 1 


du . 

[ (_U 

^u.uy dt 


n;^) =0 , 


biisjcinich completes the proof ^ 
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IVe will no\\r Proceed to show that v/hlle the 
Jicob .1 eqvibxion wts dsrl'^'ec by oor^sideri no: dist&r.ce ■tne&£''jired 
froin poiot ill the \t,u) s]'.tccj an Integrel of tc£ eanstlon 
in gonerai represents cj stance rrieasured from a surface in the 
(tjU) space. I'h? s becowss clear cec'^'etri C&II 7 :■ f we tale for 
our cori.'Jcte solution (26) the Integral l(t,U;, representing 
distance frori the point (T, V), the (l^k) being n+1 parareters. 


An err/elO j. e 1’ 

f(T; 


is constructed b” assuring- sore re! 


;son 


0, and since I 


for every point il,k- 


)n the surface f 


-U] 


ner j 


the envelope of "spheres" I = C is the surface I' = L, so 


s s t J s [ y i iig f = 0, also I ’ = 

'spheres' 

that ti e la ti'or locus represents loose po r.ts (tju) ’"hich are 
at a ff stance C fror the initial s'^rface f •,!' ,V'' = 3. 


given pi. Int (tj'p) to a sa'''-ft.ce ''ilA-') = 0, 'I.;. 0, to be the 

r in 5 •mum cn.st&ncf. woasurod alone all f^ytre’^als through the point 
which Intorcect the surface. Thi's is essentially the probleiri 
of the free bou-rcary one endpoh'it it, o' being firea and the 
other lyliig on the surface lfG,k) - 0. The condition that the 
dlstcricc I from the point (t,q) to an arbitrary point (tjk) 
on T = 0 bo stationery with respect to variations of (T ,k) is 
given by 


(41) 


6; = i.(X,k,X)bT- > ~ ^ 




using (b'i), while- we have 

n 


(42 




T^, b'C +■ 

7, 


/ 

1=1 


IV 6k. = 0 

ki .L 


since (X.',t-^ is constrained to lie on T - 0. 
6T.,between (-41) aud (4S) (using 1- ^ O) we have 

. u 


I'llrr.irratins: 


61 = 


\ ^ •' ^ ^ > X) 

/ , ' n 


- h>8’'i = “ 


f 


1 = 1 


I'knd since the 5k. are independent, 

I) . 
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■) ( V > 




X 


“ 7ci uO 


The ■-: li:iLi:4:.j: r-\^^ ^ ty conolrions (43 ’> In ^.eneral ! 
s£lcr-t. ....i:., c.T‘ -uro e>;trf^£j.s Troi^ the point (t,q) to thc- 
surfnc'' T t.na e.yprsss s r^jttion connecting the ttngent 


plariL. Lo L, 
extrc 1 

-which ..-U eq” I valent to the k ' ) . Eq'ottion (4 3 ) is 


V through the ' unc the slons of the 
ex uU'. ■'■a. I jt in tersocts the sunface (through the K, ^ 


genL,roJ i oat.h'n of equation (62) cn p. 31 of h'-- 


o a direct 
on!, p ter Ij and 

in tl-u: oi .V o‘‘ rconesics whonc I is ^ctunllj distance, r 3 - 
v^u . . t ^ ■ . ] lIi'j, I c. 1 1 1 « L>? S]‘:3 0 & nn v/ i tli th6 tc rnrd 'T'O int 

t:nj n coT'tj i t"* co'i s in general S6rv6 to deternino 

i uiTo/u, ‘wrlrh .>]).] frc-'T the n purb-T-e ter ftmil-v t}?.rc-:i,r:h SLch 


poJrr* h'.] 


;j ;r it Cl 


Cn tner^opj fcrmlng 


1 


a of oe tre- 


'.'■e S'C'Ch-Cf T - u. 


1 O c* 


c* -h. 


iO'T! 


ne ! ! -i L .'ri It;, u of t:-;,; (tqu) siuc^. sur-.'onnd in,? t r-'-.cion of the 
S'-ifihC". hi ' cch nuightorhocQ ve can ch.fin: a sinrle 
valuer- L'iiuc't '•-i.. ] (tjo) tai-’Lrv'; h-v; -vt.lue xero on T = q, if 
we (.Mr-ehri- v ; r erw t ^ tun u^. = uXe) lyinp- in this field, 
’A'-- -0 > .u'--. 'I 1 .1 n tor sect" t^u; curve at etc'; uoint, 

wit]', lult --, ] !:i..,s ■;;;(£), k, (s^ on 1 = 0. The corres- 

pout! j' nr I. ‘.au-ct.'. i'-inctlon l(t,u,X-jk) ^t-s l function of 2n-*-2 
va.-if. tih. s, ■* '-ih-.s t.-qiu.h-ioa (24). The va.rir tion ol (hnich 

is t;qi.!i''l 1,c o 1 for tiu- pai'ticuljr va.rit tlon wc have chosen) 
ca.n t'. c.t't a .1 '.i-. tj the su;>-’ of two variations, one- v/ith (t,u) 
flxi.-c, a.na tnc; oth'-nr with Ct,);') fixed. The former vanishes 
in vlrt'.'L, cf ihc trt nsversc.lity condition (41), so that we 
have 


(44) 


b 


1~-1 

from v.h; ch folicws T, 


n 

2 dC^i 


-- L(t,u,l)6t 

L(t,u,]) and = 1^, and hy 


Since only dc.rivx bl-ves of T appear In (42), tra nsvar sality 
for a surf : Cv T - 0 Irapllos transversa llty for the family of 
cos T = const: nt. 
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elimlr.tlon of 1., + Lit.uJ^) = o, so t>^t the function 

I v,h3ch -.fl'e have constructed as the distance from sn arbitrary 
surface i (■>,,?]':) -- 0 sitjsfjes the Haml Iton- Jacobi equation. 

'ihe converse fact that any solution of the Hamilton- 
jjacub-i equation represents the distance from a surface (or, 
as a c.eg-:. neration, from a point) 5s readily verified. Prom 
a riven Integral i(sj,u) we construct the n ordinary differen- 
tial equations 

du , 


(45) 


ds Iv (s,u^.,v^) 


where wf? tiavc used the notation 


The S'jiuM.'.'n of (45) sucject to the initial conditions u. = Q 
at s = t arc: 


(47) 


f ■ u . = u . ( s : q , , , . . q ) , 

j 1 ■ i “n 

\ - V, (s; q^,...q^) , 


where the vaVueo of u have been substituted in (4G) to pet v, 
Lif f cii’cr; 1 1 a Li ng (46) with respect to s, q being constant 


da 


I n c 

^i 


du . 


1 , 


3=1 


ds 


n 

^U,S / , ^U.u.^. • 

-L. J J 

3=1 

Cif ferentiating + L(s,u,v) = 0 'with respect to u. we have 


^SUj ''' 




dv 

3 --1 




j=i ■ " i 

and subtracting from the previous result 


1 3u. ^su, ^ ^ Z . ^v.-^u.u. - 0 ^ 


. , l"v Zu , W i 

1 jL L 1 J 1 

3=1 


dv 


HT - Lui = X] iujuj<-a^ - ivj) - 0 , 

'J=^ h 
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The constructed funrtlons u and v are therefore an n para- 
meter oi eo tremals . Furthermore, they are transversal 

to the surface I - const. For from 


+ L ( s , u , V ) = 0 

we have lir'i^eciic. tely 

V^(s,u) 


and 'v . 
1 


Iu3_^s,u) 


(s,{r 


L(s,u, v) 
I (s.uW 


whi ch L 
surf a C'.: 
a c tu a 1 1 
extrema 


exactly the transversal! ty conditions (4Z) for the 
l(s,u) = const. It remains to be shown that I is 
y tiie a.: stance function along this family of transverse 


'•ing Ji'uk) 


/' 


= / 
d s ~ ! 


•t 


), vv'e have 

’."i 


"I" 

s / 


^u. 


au . 

W'' 


an 




n 


. \ 


7 . U . 

1 1 


i-( s,u, V ') )ds 




Vv’h:l chi j 

Tl'i 

props,’’ : 
of refr 
of 1 e a s 
as er;vo 
tion of 


erne I- 3 y (17). 

c !''or ro'jng concepts can be Interrretsd in terms of the 
lion o’T' light through a medium having a ''arle-tle index 
actl !i. The Ihght rays (extremals) are gi--en as paths 
t II '’e hi is a mlnimu’m). The construction of solutions 
lop'O'S "Is exactly huyghen's Trlnciple for the construc- 
v;ave fronts. 


4. The two y nroblem. vve consider the problem of aeter- 
mining Hie motion of' two bodies of mass m^ and acted on 
only by the 'Newtonian gravitational force betw'een them, 

Gm,mo 

rn 1 

(Pi + 


where r^ 
of mass 

’^1^1 “ 


and ane the distances of m 
0, Vvhich we may consider fixed 
^Pg, we have 


1 


and THg from the center 
Prom the relation 
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Gm^rig 


where Wa = 


in-? 


(Ml + r.u)‘ 


. that thL, problem is red-u.ced to that of a fio:ed mass attracting 
mass at a distance r^. V»ith C as origin we take coordinates x 
id y in the plane determined by the initial position and velocity 
■ m^. The motion is described as making the integral (T-V)dt 
;at ionary, whoro T and V are the iinetic and potential energies 
ispectively. Taking = 1 we have 

T = (x^ + y^)/2 


V = -k^/ ? + y”^ 

T = T - V = (x^ + y^)/2 + k^/ + y^ 


educing the canonical f orra we use the notation x = p, y = q 
id have = p, P, = q yielding 

A J 

L(t,x,y,p,q, ) = -I (p^+ q^) - k^/ \/x^ + y 
cr the Kamil ton function and 

t ^ 2 X ^ ^'y^ ” ° 


or the Hamilton-; Jacobi equation. Changing to polar 
= r cos 9, y = r sin 0, this reduces to 



coordinates^ 


two parameter solution can be found by writing as tne sum of 
hree functions of t^ r^ and 0 respectively in particular 


Cp = at 4- p 9 + R(i") • 


ubstltuting in the differential equation we solve xor R obtaining 


to 


^r I — ^ ^2 ' 

<p = at t p© + / ^ L - 2a 4p . 

P 

solve for the extremals we differentiate with respect to the 
rameters obtaining 
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t 

o 


3 I 




— 


2 

PV— - 


- 2a 


and 9 being arbitrary constants • The second equation gives 
Q as function of r^ i^e* the 'particle path^^ while the first 
gives r as a function of time* The second equation can be 
integrated usinp; the substitution p = 1/(5 giving 


9 — Q 


arc sin 




- 1 


Wril;lno; 0 


and e 


k 


l-'i + ^ 


we have the conic of 


^■5 c c ent r i c 1 1 y 8 


e sin (9 




Tho Horr.iogeneous Case-- Qeodesic^Sj^ Up- to novj it has been 


assumed that iF, 




^ Oj but tbls condition excludes the 


impox’tant case wh.e.V‘8 F is homogeneous of first order in u^, 
For this case we have If ' ' I S 0, since if F is homgeneous 

biep.. o. .... p... .. 

applying liJiler ’ s homogeneity condition 

n 


we see the determinaht iPu^j ^ 0* addition to being hora< 

geneous offtist order in u^,P is Independent of s (which is th( 
case for variational problems in parametric form), the problem 
can be rediibed; %0 the Por^ alr'^ady- dJiactEssed. by taking for 
the varialal» , ok : hr.';, ■ ^ : .f ^ . 
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48) 


1 = 


as 01' j n te. r£' 1 


GU. 


Ou 


\ll~ 


.u 


n’ du " 
n 


n-1 


GU 


)a>: 


rcij and the Hamilton- Jacoti equation G-jco^''-’'es 


i49) 

where 




'^u-, ^ • • • 1 ) - 


^n-1 


L-i V l < ^ J • m o U_^ _■)? ^ ; — 


n-1 


n-l’ 

n-] 

s” « 

I , J J. J r - i 1 n - 1 

i ■= 1 


Witil p. ---~ , V, :.-. F^. 


' r .o 


equetion ''43) i 


0 n O' t n o r 0 


than Li-.e hc^ro, -eri'’ .]■ t>' ccnd;" cion, since fron 

n 

) , ’ p. = 

i 


QU^. 

“dV ’ 


5u Ds t :! tu tl np' o, =• we have 


(50 


n -- 1 
.. .. ^ 

\ 

£ , 

1 


1 m, 


- F(u. 


.u 


n ' 


n. 


P , j 1 ) = 0 . 

— i 


Th 0 o y. r. r t s n i ri e ( 

25 ) 

for 

even 

with 11'.,:.^:! 


0 

( 1 . c , 

. 1.,) in ^56) 

v’/e 

get 


the deriv:,tlveo J,-, 

Z J 

and if w/e substitute- J-q 
e:xactly (42) . 


re true 

for Fr , 
Pi 


V - 
1 


I-e t us illustr&-te anothei'* method cf attack with 
of ;■(•. odes." ca ori an n dimensional man.’fo.la. 'v.e have 


the case 


(51) I 

n 

where e = ) 

i'Jk=l 



the being functions of the u^. 


'This conditl.,..n does not prevent the use of the Legendre 
transformation^ but only Invalidates its inversion; in 
other worcts the extremals of (3) are included in those of 
(17U .and this feet is all that is. needed in deriving (25). 
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FroiTj (£5) we iiave 


(52) 


! ]■ = r,i t 

' 4] -u^- 


11 


_n 

= _L \ ' . ' 

s=t ../'Tr*/ , '■'Jk'^k 




.f '..,'0 G’.. not’.' by (g '') the matrix reciprocal to ) ’-l.e 




j ■ k 

■■ ) Solving (52) for q! gives 


( 55 ,! 


/!' " L- ' 


V" G ■•!(. ' Oj ;• ' i C'v 3*0.1 


■■> ,. \ I 


\'a 


V* '"-c 


:c) 1 . j 0*^ Ir;.' ioooii/}] ( b) by 

'‘o:;'"j-:ooL to Vr- ’'./O obcnln 


?n.I euoruLn" .I'un 


\ 

/ 


'} tk-'l 


-L 

" 1 ' jC 


•..’■'i.loli Ic 0 fjvt.i. .•i.lfforen'idal (jcaialion in t/ie I„. talcing 

“1 

t?-; ■-'l.nco ■■>.V tl’.o Ihxrailton-JacQbi eqciaticn . 'i'he c.-’iin-oction 
t;oi.v,'eo.;i (--‘Vi and '.-.ho jlatuilton-Jacobi ociuation is clai^ified 
by & ■ or’:’,i .lv3,T’ !. Ion of the .Culcx'' equations of ('!), he have 

X (ifs, - 

■3= au! ®"i 


0 


or 

(55) 


„ 0 (-2X,Jx.) _ XS-.Jx- = n . 
da bui vq' d'ii.jQ 


If for any admitted curve (and in particular for the ex- 
tremalc) v/e take the parameter s to be proportional ,to the 
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end tl'ic-; d;i.fi-eT-enti&l equation is 

___ n 

(59) 


J, H- i \ 
t .1 ^ 






k 


0 . 


nc 


arameters 


In nnder to fjna on integral of (59) contain:' 

V,8 tn;,' » solution in the fort, Jit, = f(t) t 

anu 1c rollov.s ately that f'(t) trust he independent 

of t; i . e . f ( t ) = t . 




4 / 


J tnen Sc’tdsfies the equation 
n 

ikr , 


* V=1 

^ Pv .L 


ik 

Ju.Ju 
i k 


ihlwj c.i l.t .1 tiri: r; o 1 c. 1 L-quation in r'ensnal alaOVvS an n parameter 


sol U t1 01! , 
hao'.’ 


may he given the specific value - 1 


ino v'6 


(60) 


\ 

i... 


' ik, 

f t) 


Ui'-'U|, 


= 1 > 


which is (5*1) a;;, in. 

'■'mm (i).'-?) It is apparent that is constant (viz. Q, = 1/4) 
’ or a'',, suiij i.j.t.'''. 0 . 1 . ) GO ) ^ so th&.t c.ny n pars'^eter inte'zral of 
(601 c;...n h-,-- usco 1,0 obtain the extremals of (51) as well as 
those of (5v’). hsing the ’methods outlined hers it is possihle 
to ohti.Irj tir.- "■'..iOdeslcs on an ellipsoid. The surfaces 


a) 


2 2? 

>: , _jr . 

*T* **P f"" ii - i ii i 

2 ? 
h +s c +s 


2a. 

a +s 


in the pfiramc tc, r s> vvhere a > h > c are given constants^ 

represent co'' j''ooa.l ell.lpsoids, one-shoeted hypetr-boloids, and 

two-sheetod h;^ perboloids as - c ’< s, r h < s < - c , 

2 2 

- i < s < - b respectively, .at a given point (x, 7 /,z) (61) 
is a cubic in s w‘ th three real roots (s^, Sg? s^) represen- 
ting three mutually orthogonal surfaces one of each type, 

|: throug’h the point (x,y,z).'"’ The parameters (s^, Sg, s,) can 
I be taken as a new coordinate system, and in particular, 

details see Courant-Hllbert, Vol. I? p. 195. 
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= 0, the re^.lnlng fe 

cooi-0 i '■'.e.tv, * CMI bo USCG fcs ps rtm.'. t...rs on the elllrsa, ■ 
tbc t-n- r,sforn.i,tion forirulos (setting - s = u - L - 


2 - 


= -j/ii 

\ c.~U ) 

(t-v) 

'y 

i c-‘ — 0 / 

( O' - c ) 

_ . /b 

(b-u) 

(v-b) 

V 

Ib-c)- 

(o-b) 

= 

(u-c 1 

■,v-c ) 

V 

(t-c) 

0 

1 


The ■/; Ii.vos of 


+ (M)^ + {M)'^ , 


-i- -I f’ra ' gu gu 

■ u ,. 5.1 - . ( fnf ) . 

_ / ct<', 2 /^V\2 . , 3S\2 


be COT 


whcr 


Also 


gjl = ( n -' r ) it ( u ) 


‘■12 


®22 (v-u)A(v) 


4 To '-'ft'TTb'-wT ( c-^ 


11 _ 


(U-V ) A {U , 


. V-UiAiVi 


Equation (60) t^kes the form 
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(62) 


■* '''''''' ~ ~ (u-v) a(u) A(v) . 


To o L ur)b pi-.r? ’'nt ter solution of (62) we try J^u^v) = 
'T (u) -t- Lnu beptrstion of '^Lritbles gives 


“ Tirr " " 


(v) 
2 (v) 


V 


so t;-i; t 

/’ _ 

J(u,v,o '' - -'J {u + a)i-(u) du + /-v/ (v + a )^i(v) dv- 

Ld f I oron t ‘ l.'nr: with respect to a we get the tv/o peren-cter 
fimily of e.vOGc s “ cs 


(to) 


' /•(■■( U ) . _, / M\V } 

i J — — au -t - 1 — T — - dv 

i V U + a J i V - + a 


to the: Jiul'. 
miniriuiri of 


This c;-n be soloeo for u O"'’ v in terms of c lli'jtlc functions 

6* du t.' f joint Go nd 1 1 1 on s . inelogous to the vanishing of 

the ri-"st i,.- ri votive of u function f{x) of o single vtriuble 
wo h;..-'-:; fonne vanishing of the first vir^i-tion (lecoing 

;qu.t.tions) as e uoctssi. ry corditlcn for the 
.urhtienel problem. Gori'-esponding to the 
sufn cit. :'.t concaition f"(x) > 0 v.;e might loot for sufficient 
concii tiens :1 n a variational problem by investigating the 
second v a t ion . hlthouph such considerations can lead to 
furi:'r.-.r noecssary conditions (e.g. the legendre condition 
i'u,^jt > 0, p. 1-65) they can never lead to a sufficient 
condition. The reason for this is that in order to derive 
a sufficient condition we must Gon3-i.d.er all possiole ad- 
missible variations? i.e. <j:,-(xje) = u(x) + ^ (xje), where 

^ (x,e) is an arbitrary admissible function with zero 
boundary values, vanishing for e = 0- However, it is 
to construct an admissible variation (e.g. ^ — {l’-x)esin x/e 
0 < X < 1) for which ^^(x,.e), does not approach zero for 
e — s#- 0. In this , ca^d, ' .the,; varied. Integral ^ 

essentially one' 

‘ suj, for 
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fcs £ ^ 'J 3 £ nci liiB Vc.T i£.tiont. 1 fro'blcit; doss not ■rscucc to 

tiiac of '’.Inc; £ function c?" tho tingle v^ritble e, i, 

vtrlition ii(x,c;) vi'lilch st. tisflcs both conaj tions ^(x,£) 


J:’ ( X -> 

£) 


o 
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— ^ 

0 

is c 

all 

ed 
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WC £ k 

Vi ’*r^l 
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tiOHi 


end 
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gbt 
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consider 








/'•'I 
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't; 












i 

IT 

/ 

1 

[n'( 


- 

u' 

( X ) " 

] dx 
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subjc,. 
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to 

U 
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= 

ui 

]) 

= 0. 

Th 

S 0 
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Is ur 
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stri. 

1 
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t lines. 

oiUO f 
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un 
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D 
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conoi 
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of I 

is 

zero 

for 

u = 0 


end 

i 

s 

pOE.i- 

tive 


r i < 

1 , 

e 1‘ 

rv 

L) 

£;, t 

Isfyi 

ng 

uhe 

c 

onci5 

tion 

U 

Ux) 

< 1 

, so 

u = U 

•VVj 

'i ‘‘i 


i %. ir 

X. 

V' .1 

th 

rospe 

ct 

to 

th 

3 s r 

es tri 


ten c 

j. 

£ SS of 


n 0 i (':hx b u 1 ; ig ■■' ’ i j'' - 

Hov'-tvori b\ 

the tdrn ■.csihl'. curve 

u = ( 0 5x<6 ) 

V e 

1-e ’ — ' 

vj'hlch up^..roevChcs thw 
extrerat,! u = 0 uhifoijmly 
we cen mt-ke X , 
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condition fv.r 
the ntc-;?'-r'5.,l 


no\ to 

on to 


fc e r fc o ± i sh vV' e i e r s t p t. s s * 
be a otrong relc-ti’^e m 


sul'Ticient 
nitron for 


(64) 

subject to 


/■I'C 


I(u) = / 

fcounciarj conaltions 


ij -t* ‘v S ^ U ^ U ; c. S 
'0* 


*■' ■' J u - k) £; (s = t, u = q) . 

In or( er to go 1 . 0:3 vve luust compare the values of tne integral 
(64) ov.3r the extremal between and B.(Ig),anc an arbitrarj^ 
curve C h'-' ne ighborhood, ( I ^ . r- expressing I as an 

in t-^^''',r -1 ^ -i-ong, the, oath Uj v.'S shall reduce this proble-m to a 
corpariso.i of tiie iate,, ranas i,Tone. Assuming that the ox- 
tr.jm: ] In oU'-stion can bo '■’’to^Gcecl in a field of extremals"'''^ 
v,e dc.hin .. slC'.., fuiiction ;:,(u,s) as the slope of th-. extrema] 
thro\A-_h; r'u a '..In t ? ~ (ujs], ''urcher *'e aefine the sinilc 
valued a-' s ' arc., fun c'^ bon I(P) (see 11-26)''”''' ■.-hi oh has the 


prop's., r'i.-q ti'. 
is oxa ct ‘ i 

(65) 


■r I l'■\ 


h a VC 

i ' ''i 

r- , 


j d s + 
s 


1 Qll ) 
U 


Tilt; aif Ccrcnticl d.: “ I us+x du 

S XI 


/ ( - ^ + U ’ I / Ct s 

't " 


vhoris t; , n-i I .ration is taken over any 'Curve joining A to E, 
and in. p.:. -i'll cniar over the curvo C. Using (25) and il6) f;e 


ruduoes to 


J"(s,u,p) 


pF (sjU^p) and I = P (s,Ujp) so that (65) 
P up 


.■■■t 

I. = / [^(s^Ujp) + (u' - p!P (s,u,p)]ds 

and finally co have 

/'.t 

(66) =1-1 =/ [P(s,u,u*) - Fis,u,p) - {u’-p)P (s,u,p)]ds 

u 

X'Tb.is conultlon will be investigated 'i,n section 7. 

PPor the ex.1st>:,nce of i we must in genferal have a field of 
jp) ax treir-c.l b trtnsvcrsc to soire iDiat for^the cb.se of 

I only one d ^ ’p S n t v 1 e 1 t;i feja I s ~o o nd i t i on is butombtlcblly 

I sbtHfiod for field.' ' 
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whor>;. 
tiriP' I- 
etxh P'' 


(67) 


p : t ■ oa ia yc-in -^joag the pt th 0, u’ rearescn- 
H.. slop- of the ciirve C end p the slope of tl’C field i.t 
;.’at. 'Vh.^ Intogrtnd of (60) 

- F(sjU>p) - (u'-p}p (sjU, 


is kno.'.n le h'eioaotrt.ss ' Ji function, if the condition E > o is 
setlsxi.c at • c ch point s, u, in the fi“ld for ell values of 
u'^ t:i' ! froi’*'! I be; 4 \I > 0 for all curves C in tho field; in 
other vveres eT-trevc 1 joining A and E Is actually 

a rfiinliuuni . la tb. -ref ore conclude that i sufficient condition 
for an ce tr' 1 Joinin.v two points to be a mlnirrur* is that it 
be. pOGsibli-.- to iTr;t'. d it in a 
ticn bic,u,}.,u') > 0 ]iolds T- 


field throughout which the condi 


E > 0 for all u' 


tha n i-’c f 


iU Vk. 


for 0 not f’-/ .O'.trcrncl in qu.. stion 


lues of u'. Ob'/iously if 

roper TriniriUTr. with I >T 

c "e 


/i 

cm bi. 

Oh' 

th;.. fc 1 hw '.VC!, her condition E > J 

J. long the 


for 1 

11 

v;l'ae& c.f u’ 'is or, cossiry for u 

minimum, for. 

lot ‘ih S 


th: 

t 1.i\c '..X tr'-.rn£ 1 n r. i.nd P J 

s a mj.nimum 

c. no : t 

. b ' li t 

; 

or It E f 0 I'or some vc lue u'. 

Tho extremal 

CiXi u.. 

’O-.-aC"/ 

d in a field wtrer/rfina' from A (that 

this ccndltlon 

is TltOi 

) : ' ** '\ * • * 

;'i 1 

be shown .! n tbo next section K 

By continuity 

E < j . 

t OmJ 

li 

l.!nc sogTnont i''"' of elcpo u’ '.vhc 

rc. .P* can be 


i to i. 

L> 

in oxtroma] of tlic^ field, how 

taking the 

pnth imp' 

'fa i'..r 

til 

... curvi- C in (bo) we have E = 0 

along AP» and 


PB, W'th .P < on .P'P, 
there Lq 

contradiction i. 


r 0 :-j..,h.'.ng the 


: I . 
c e 

Since P was point 
and u' any value, we 
conclude that E > 0 
along an extremal for 
all u' is a necessary 
condition for a minimum. 



If from E > 0 for all u' along an extremal we could 
conclude the sufficient .GOhdJ.tlon that El > 0, in a neighborhood 
||for all u’ .then.tfee with functions, of & single variable 



yjol.'jc Dl- c <■.. tfc { 1 . e . f'‘(y.) > 0 Tiecescir;v t-nci > 0 


sufi Lo.i<. nt i'-'r a -iMn •mn'm; . Unf or c’jna.talj(' th’s int'c-reoce is 
not tr'..'o- unices we Impose the restriction thi t u* ce unlfcr^lT 
hourdvjd in t.h.c “V-'nrhborhood (see Boizt., Lectures on the 
Calculus of V&rivticns, p. 99). 


The sipni fic;: 'ice of the 


u -6 gone! re condition cen be apprscie.' 


ted. h'v' ccrp;r.'.sc ■ v. it.'j the j;; function. Using the theorem of 
the mo: n i.iSV3 


P' 


( 3j e. i 1- ' ) I ^ ^ » P ' ( u ' - p' ) P 1 e 5 u j p ) n-^lu 


p - • ki 

where, j. - p + cr\U'-p), 0 ^ 9 < 1, so (67) becomes 


, - V 2_. 

”p) ^U.-ls,u,p) 


(oe) 

M ^ u 

>p.u’) = 

- 

2 



p bo in 


b.^ tween t 

..• and u 

■ . Prom. (66) v.'t. 

see that 

if 

^ ( o ; ' i. > ^ ) > 

0 at all 

pcl’‘'tE 

of ohe field for 

a'’ti trary 

valu'- .. 

' . 1 1 C' . 1 

•. Iso P > 

u ^ so 

this condition i s 

suff icient. 


K prohl'o’ 

1 

r* 

hich P 

u 

' 1 ( 3 U U ‘ ] !> 0 f 0 P fc. 11 

vs', lues of 

quant.i'! . 

‘ J vS 

G i 

U- i3 

S'- id to be regular > ind 

for such 

p rob ! . m 


' V 2\ 

i .'h 1 ' ce 

of a field, of e.iitro'^.: 1 s 

.sThU vbn 'zees 

!: pro.-ui,r 

ni ' 

in' 

urn . l''ho 

c c n n ' .. c t i 0 n c ; tv e n the- 

le^^ndve c 


dition ;'-nd c i trees ’ P function be Interpreted geo- 
mctricellj in tl'i" foilO¥.in.:5 way. GonsiQorin.g F(sjU,u’) as a 


cirection u ’ ;. t ;. 
fixed j.oint of the 
field : b , u ) ( there by 

fixing |.. (sju)), 

P ( s , u , p. , u ’ ) = J is the 
equation of the tangent 
to P at the point u’ == p> 
and E > 0 for all u’ 
states that P(s,Uju') 
(lies above the ttngent 
I line. The condition . w 
s,u»u’ } '> O'.tOR;:*,' 


A 



■!.. 
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,11 u’ the rurve is convex, .nd the^^efor. -..-..s 

,bo.. the t,ne:..-:nt line. If this is true for sll o.ints (s.u), 
then rh. sx.,tomcnt ctn bo n-,i,de of E. The necessary 

extretr.al includes the ^reak Legendre 
^ ^ all u' implies ccnv&.xi ty at 

ti.ie t^i... - T L. ..^lut a - p. Although the strong Legendre con- 
difc-ioii VO, r, 5 p's > 0 is neither necessary nor sufficient 

for a strin;/ minimum ib is sufiL'clent for s weak minimum. 

This is clear since from (3,^,0) > 0 on the 6 >:t- 6 mal we 

can c'-iiciucc-; bhet 7 , 

u ' u 

borhood of tiie eiLtremal ana u ' ir the ne is-hbo'^^ho-'-d of o 
This means, bov,cu..r, tnat E > u for Keak variations (bp (63)) 
which Is sufi'icient for a minimum. LlchoughF , ,(e,u,u') >0 

along an ' re'’ c ] acr alj u* is sornexhat stroncer than E > 0 
a 1 o n u n o y. v. r r ■ a 1 

minirr'uri . 


f _ 

vS,u,a' : > 0 f^-p (s,u) in some neigh- 


.t is still not sufficient for a strong 


7 . C-nistruc blcn of a Flel d - The Con.luga ts Pol n t 
obsL-rvof t n-t an essential point in the theory of 
cone 'it ions ’ 
in B f ■ .. ? L. . ( c 

if the v:c; ; 
piencral a \ 1 , 

’oill cons tl h; i. ... 
nut 

extrema] ■.■ar^ I:--. 


r.3 have 
rjfi’lcient 

the possibility of imbedding a given extremal 
c s"it:ll nov; see that this can always be done 
CO ol‘ the extremal are not too i'L.r cotrt. In 
i. nrarnexer firn'I;. of extremals through l point 
...! a field up r.o its envelope. 

...■f ,11 it ■' s important to note th, t if an 
hr.beddod in a field Pi of entremials so that 


Eis,u,. ,u*) 0 over the fiela, then the condition E ( s ,u, p),'u ’ ) 

> 0 I. ill also holc^ for any other field H" over their comtion 
(s,u) aomcln. For,, supposing thet S < 0 for some u’ at a 
point (E,u,p’'‘), we can construct a curve C as on p. 31 for 
which I < I.,- However, this is impossible since the curve C 
lies in the field H in which is proved to be a minimum. 

' Wc therefore need consider the construction of but a single 
■ Imbedding field. Moreover,- it can be shown that if t.ny 
■imbedding field exlstJ4^ fem.lly,of extremals through 

fbne endpoint is, there- 


fore 


the end- 
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point (t,q,. . The first point at which u(s,a.) is inter- 
sected bj a neighboring extrenial u(s, a^+s ) is given 

by the sirul tar, eons solution of o - 


u = u(s,a^) 




This firse point of intersection h*; (t*,q'--), is called the 
conjui a. t.o j.io.’.iit to A. If an envelope exists then a'"' is ■’'.he 
intoT’o.^L ,ji ! n .j 1 ^(sja^) ■with the en'veio'pe, SuppleTisnting o'- 
pr.'Vio\;.3 r-ecesc; ry anc. sufficitttjt conaitions V’e nov; have the 


■ e E .ear cc :'xj ' t i .) n t'^' 


ind. the sufficient condition 


t'“ t T Tor- i. rininiirr. The necessity of f" < 
incl.'cibf', by follcwing. rco^’'etric& 1 ^rpuTien' 


conjoigaL^. ].'oini (l.e. ir:terS'-.;ction with the envelope' 
lies O'a- ure l-nen tahing' another cxt.rcr'al with conjugate 
point I/'"''' wo Ci’ii conEtru'ot 


■n wi-on 


envelooe ■ 


the ad t , i s e, :I b 1 c. cm r e AAf"’'" i'.*B > r. 

I**' 

where t.ot: arcs and A‘'‘'E "I 

are ext’^er ais emd is 

along t.h., crr/olcoe . Thu en- 
veli.'.e has same slope 

as thu flh ]c . 0 1 ev.^-.ry point, 
so E = . ' a] on,;': it. bsing 

(6t) VI H l^L'V... 


1 V -i' . r: T ! : 

i'ij: 4. . iiil r L ^ • 

Hoftcvor, since t^jo envelope is not an sxtre-mal in general, 
by conn-..ctlng i,’''''*’ .and a'"' by an extremal the value of 
can be rccuc.ea, so I, * is not a TniniTnurr . ‘Phis necessary 
condition can be established more rigorously by consideration 
of the second varletlon .(cf. Bolza, p. 57). The sufficiency 
of f-' > t for the ex|.stonce of a field of extremals can be 
seen as follovs. We have ^ ^ t < s < “X; < t", 

and assuming u^ is ,QOnfc;i|Su'oU;8_ W© may 'take > 0 in this 
interval. By > 0- for 
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£| sni.ll enough, so that at a fixed point s, u is a mono- 
tonic increasing function of a, covering a neighborhood of 
e = 0 once ana only once. 

Lot us take the example 


0 



of t < ,n . 


1 cln-;; r'.r. results of this and the previ',-r;s section 

we have a.s ns ce-ssany conditions for a strong minimum the 

Eular t quc.riona, the woak Lcgsrici'^o condition F.. (s,u,p) > Q 

^ PP 

which is inol'jooa in Weierstrass ’ condition E(s,u,l,u') > 0 
along ths c:: , and the conjugite point condition f'' >X. 
as suff ;i ci t conui tious wo have the Euler equations together 
■w'th eltln. r .1' , ,(sju,u’) > 0 or E'(s,UjP}U’) > 0 in a neigh- 
borhooch f"' > . For a weak ni'inimum we ht.ve j.s necessary 

conditions tlvi Mular equatiousj P„„(s,Ujp) > 0, anc t" > T, , 
which lx. CO ^e eiifflcient on cropping tha equality signs. 


Probie-m; Sho«/ that for F = u'vl + (u’) the tangents to an 
extremal at a point A and at its conjugate point A'"' Intersect 
;;on the s axis. 

k; ' 



’'Gctitods tw the cat.cijli'S of va^jatiot's 


Introduction 


T’re so-ccl''ed d ' rect nettods in the calcuj.u.s of varia- 
i.ioiis T-oi/''0 C'.nit a relati-rely r-iodern trend which has estab- 
lish a t'^:' cfil r-ulu;. of variations in a dominating Acsitlon 
in ir.c Ihr 1 1 cv; ] analysis. 

Twc; .('.'ono''’?' 1 i'oints of view in the calculus of uarlations 
rolo'vant for 7a.rious domains of mathematics,, namely tne 


fonnatjoii -.'f invariants and covariants in function spaces, 
and the cffjra '..ter " nation of mathemutical entities by extrenum 
Wo shall concentrate on the second topic. Such 
a c la r a 0 1 v.v 1 m t i on is us o f u 1. in r; a ny f i e 1 d s of m a rh ema t i c s , 
nnfi oi'ton sc'"' to s Innl i more involved decuctions. For 
exuitplo, ir; thf.' thoory of mnbers the greatest common divi- 
sor of two Inti-.'Fors, a .‘ind b, can be character ’ sc-d as the 
min!.rn,im oi' the oxprusGivn jax + byi, where for x and y all 
Intcc-.o.rG arc admitted "to comi'-etition" . In this course we 
shall confine ourselves to the field of mathematical anal^r- 


i 



si s . 


Ill the ':.;i,thcmatjcal treatment of nhysical phenomena it 
is often cx.pociient to use .formulations by means of whm ch the 
quantities lauier consideration appear as extrema. An example 
of that -'is Ih:n’mat's Principle in optics. In mechanics the 
pr-incirle of stable equilibrium has a basic im.portanco; a 
system is in stable equilibrium if, and only if, tne poten- 


tial energy is a ralniTnum, For elementary mechanics equili- 
brium conditions are expressed by certain local conditions 
(vanishing of the sum of all forces and moments). With the 
help of the nalculus of variation’s it becomes possible to , 
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e orilY> 


to ch;.'or';..:-hPr>-j r.G r 5t:\te of equinijr^uni one val . 
the e5:.,fr‘e’ ■If " o.1 o fn!icti;V'ial . T'Vj.e vtrlstional enin. r.ions 
f u r n i h j tl . e ; i , tl'Y. ?. o cc. 1 conditions. 

O’’ e cl ns." Lcnl rietnocs 03 tlie calculus of vc','-'' a tions 
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show s : 

If u(x, :/) furnishes tho minimuTn of tho integ-:'al when 
for <p nil, functions are udnitted. to competition which are 
continuous in G and on its houndr.ry, attain the prescribed 
boundary vnliios? and possess continuous first and second 
derivatives in 0, then u(x,y) is the solution of the bound- 
i; ary value idi^oblem for,Dlu] = 0 in G. , 
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rni ch later by 


Hilbert, he succeeded .'n 1900 in establ shi np. the exis- 

tence C’f a ir" u h-”.u>vi for i.r'ololei’’s involving the integral C[(p] , 
and thi'.s 0 ''enccl the wa;'; for bread develoo-'e:vbs in the 
calcnlvic of x'ariations. 

The direct nethodc thus inaugurated uarhed a great 
nro/cross in ,;-ure and applied anal;/sis, all of it based upon 
the reduction of boundary value problems to nixu'uuri I'.robleus. 
Three related goals a^e envisaged by such methods; 

a) hxJstenco proofs for solutions of boundar/r value 
problems, 

' b) Analysis of the properties of these solutions, 
c) Hurnerical procedures for calculating tho solutions. 
This last po^nt of, view has been stressed by Rayleigh and. 
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In a a ‘ i-i ];y « 7 a] ter ^ItZj \^^ho developed •'OV'erf':^! 

nnriericn-. ] nordiodo of greet -’nportance for >>h:. slco and 
engineering . 

.f eVv/ t;::aTnnjes v;ill shovv Inox”-^ certain results concern:’ ng 
m’niniin'i proMcns can be attained direct] y. 
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T,( C) < L . 

L ■ iy, sL'-n, Loeoven, rust hold, s'nce, if L(Cl < L- 
i; civ’i'i' I v", into i' cunvo of length L, v'hose area 

V'ould th. n ...•cn,.d 'f. Thus the existence of a curve of 
nnr.iimjri .■•.r,.;; fp-jh length L is ostablislicd. 

Lev-, r .nnn! - co?'’.t-h'iu ' ty of length is only on example of 
a oro'p'. rty vir’e:; oerm’s 3n all "roMSonnhlc” variational 
rrohlou’s anri is of rroat importance for the direct methods. 

Gona,ldcr a function I[(y] ^ where the indenondent function 
granges over n snccif’c "function space". Consr-der a sequence 
of admissible functions which tend to a limiting function , 
u In this function srf-oo. Then I is called lower 
continuous at the place u If _ 
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lim I[ > I[u] , 

no riiatto',’ what cequonco tending to u is considered. 

Prob lem 

Provi: t'li: thoo'com used above that: 

In a soquonco of convex ci;.rves of bounded length lying 
in a cloocd domain there is a subsequence which converges to 
a clo:v.;d convex cu-'ve. 
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■r'Mrvun"'‘ lioli converpos to an admissible continuous curve* 
I’crtuna to'ly, hoi?ever^ tl'ore exists a remedy which very 
bi. i/^u)vc3 sufflcleut in the direct methods of the calculus of 

variations. By a suitable restrictive Condition lirjposed or. the 
functions of n set, one can again obtain a theorein analogous to 
the Bolzano-lVeierstrass theorem. 'xhiS' condition is that of 
equioontinulty. 
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expres.^ion 
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Bola3n..'-\.'. i. jr'o i.'i, .o/'orn, thoro exists a sequonco of these 
v.'lues .ic'i eoi'.Vvn-roc at Idio first lati.-ice point. From this 
so(].ii cm; .fiiooso !■'. c ubs c quonco of functions which con-seipe; 

a,t ti'.M ,'uuonl 3.. '.it. lice point (the lattice points can be ordered), 
and GO ''o’d-.h ..'ot' all laiticu points (there is a finite number of 
thoi::). thus obtain a subsequence of functions converging at 
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lyi-) - yr.)l <1 

for iTi, n > 

'J-'hon, for any point Qi, 

yp) - f„(P)l ; lyp) - yDl 

" lyp) - 


Ifn(P) - f„(P)l 


Therefore ) converges unlfornly. 

Problem 


xrovo ti L<t , if a set of fanctlons is equlcontinuous 

in a cloaoc b.ojie.irij aarl if the fj^(P) are bounded at least at one 
poiot, trO'"' th'; .cunctioos f^ are bounded everyivner e in the 
domain. 

nppl Ic a 'C i on to p'eol es Ic s ; Llpsohitz’ s condition ; A set 
functio n -'ire .ji'.id to satisfy Lipschitz's condition if 



is uniformly bou.aded for all functions f(x), provided that 
and Xg ai'e in a closed interval. 

Accordinp to Hilbert, the preceding- concept immediately 
perirlts proof of the existence of a shortest connection between 
two points A and B on a (7lven surface. 

Let [x(t), y(t), z(t)] be the parametric representation 
of a set of curves through two points A and B, t being the arc 
length or proportional to the arc length. We also assume that the 
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^ — ■^* fc-ie lunc'cions x(t)^ y(tj^ z(t) aro equlccntlnuous . 

if vie adsuuie that the functions possess piece¥.’i 3 e con- 
tinuous dei'l va oi ves j ;c(t), y'(t;^ z{t) ^ vie havc^ t oeing the anc 
length or proportional to the arc lengthj 


\^x‘^ -t- + 2^-0 


s anrl cr boinpi; two val.ues of t. 
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■ V* A 'T j +2 at; 


0 -' 


i:':(s) - x(^r)! < Ols -o”! 


whloh- means that^ andOT’ the asouimption raacie for t^ the curves are 
equlcontimouc . 

But^ ev‘j3,i if U'.e lcrl\’'".ti ves ho '’.ct exist, the conclusion 
remains Llie sa^no, as 5t c,-.u'i easii/ be seen by representing the 
length as t he Lowest upper bounci 03 ? the sum 


..iA r- 





+ ( 





vhero the least, uppei' b.evind is taken with respect to modes of 
Inserting the intermecliat'' points , z^) between A and B 

Dn tho curve, find for all n. 

As the length of tho ciirvos has an upper bound, x(t), 7 (t}, 
ind z(t) also have an upper bound, and, as they are equlcontlnuous 
;here Is, by Arzela's theorem, a subsequonce such that 

converges uniformly. Similar subsequences y^(. and z^it) 

llso converge. Hence there Is a limit curve C joining A and B. 



Uy thc; semi-contln-uity property of length, 


= d , 

where d is tne greaoest lower bound of the length of the curves 
joining A and 13 on the surface. Hence the < sign is irapossible 


and 


L(C) = d » 


There remains to shovj that the minimizing curve C has 
piecewise continuous first and second derivatives and satisfy 
riuler's equation, provided that the given surface is sufficiently 
smooth. But this folloi\Ts from the fact that C must give the 
shortest length between any two of its points. If B is suf- 
ficiently near A, the arc aB of C must be regular and satisfy 
T^uler's equation on the basis of the classical theory of the 
calculus of variations (,See first part of these notes). Hence 
this propiU'ty follows for the entire arc of C between the given 
end-points . 

Problem 


Prove by the method above that there exists on a torps a 
shortest geodesic topologically equivalent to any prescribed 
closed circuit on th(; torus, 

Dir_oct variational methods in t he theor y o f integral equations . 

Following Kolmgre.n, we shall indicate briefly how direct 
variati onal methods can be used for the treatment of Fredholm and 
Hilbfcirt integral equations. In the general tteory of integral 
equations, which was inaugurated by P’redholm. Hilbert emphasized 
thc importance of the eigenvalue theory. 

Let K(s,t) bo a continuous and symmetric function called 
the "kcmol'', with 0 < s < 1 and 0 < t < 1. The eigenvalue 
problem is to find a function u(t) such that 


K(s,t)u(t) 


p u(s) 
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Suoh func.ionn u r.ru c.O.lod .1,501, Unctions and the U 1 /^ 

elgcn"'^'?. lU')S . •' 

■Vo Slhll not. prove the enietenoo of one olservnzaluo. Vfc 

consiror the integral 

-I't', t) = 1 1 K(s,t)t)(s}|)(t)dsdt 

^ t} 

whore is piecewise continuous In the interval (0,1). We assume 
til lb |L(>.,t)| 'S . 1.1 upper bound. (Integrals without India.ation 
of liiiiile Siinli be taken over the domain definod by 0 < o <1 
and 1 : a d. 1" ) .. — ~ 

r;j3u;;ie th't the Icorncl K)s,t) is such that K(.i), |)) is 
so lid iiuef.; pos-itivo. in other woi'-ds, that K(s,t) is not a so-callec 
"nogativ.. c3eflnitc" kcrnol. We write 

I [.j '^(2 )]'has = (!|-.yv) , 

Then 


iTr ?7 

has a. least upev-.r hovndjj.^ .and tiV;r-o exists a rnaxiinizins sequence 
i’l^ • • • j , for which 


lot r,'sco.ntial. 


ir which 


iblh) 


bo normed, 

that 

ir the now 

so QUO no 

V 

+ £ { ) < 

(h 


(|),|>/ = 1, but this is 


n bn? 


)r 




) < 
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or 


Iv ( lb 5 b ) 
' n’ ' n 




)] 




< 0 . 


The qu-idr‘'Llj.c form In will alwn-^ 


always oe negative if 


-M(^,.y:a <0 


'A'e ‘‘u-i'urx? roixiins bour.ded# hence ^ 




-> i ; 


or 


If we wriix" 


h(b y ) - P^b ) -> c, 

n- p>n.' I *^n' )x- - 


f f 

‘ n ' ^ '■ "■ , t • b,. ( t ) dt - U b^, ( s ) ] ds — > 0. 

; J. . j II J i~ 


J 


iK.(Sj,t)b^(t)dt = 


the functio:'jR equicontinuous and equibounded. hence, 

by kvzcilv.. convovycnce •'■■heoreiny there c-sists a subsequence, which 
wo shall .'ilso call (s), of those f'anctions converging uniformly 
to a oontinuoras function u(s). 

u(s) is not Identically 0. If it were, 
f^{(s,t)bj^(fc)clt 


would tend to 0« UssutoOd tp be aormed, then the 
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upper bound p not bo posi which is contrary to the 

hyp o 1 1 1 s J t .o ■ vc f .• u ( s ) i s n o t i P o nt i c , 1 ly o . 

P 5 1 h i ' ■■ I '.t w nc; t a 1 5. o t].;, 

/■"’ . -f... 

1 ^ I - 1 1 ^ J dt •- jj. s ) ] ds 




boco’ao 


y 


I y n/ ^ ‘In^ ^ ■ “J-^ S ) ] ds , 
and it tr ‘ids uo 0. .io considor a special variation f or 

/ 


v/he r u r 1 ; 


Then 


irMtr T'T paraiTOtor sirch th-.t 
0 < r < 1 . 

f. 


y L ^ j 'i- 

t^nds to oonvorip.'Ui urd ror:n.ly to u(r), hence 


ir..(s^r)u(s;cis ~ pu(r) . 

J 

If wc »nul1'l'oly both sid.,,'S by u(r) and integrate, we 
orit'y i'irnoc'i-'.tcli l/iant u^r) Is a solution. 


i3v the sa’^e method wc can solve the irJioriogeneous Fredholm 


equal? on 


r 


/K(s,t)u(t)dt - vn(s) - g(s} = 0, 


tvliero is a constant g.reater thonp., and g(s) a given function. 

Golvlng this problem is equivalent to solving the following 
variatlo.ial problora: Find the function u for which the Integral 

1(|)) •= /A(s, t)t(3)t(t)dsdt -V/[t{s)3^ds ■ 

- 0/gCs)|)(8)ds 

Ls a maximum* ' , ■, , 

The proof , 1 



Let G be 
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Calculus of Variations 


Principls 


LriCii-iet 's interiral. Let G be a domain of the xy-plane, the 

mncLtiV)' 0 . 1 . ■.vri.uh, , is a Jordan curve^ i»e«^ a continuous curve 

Ltb.out double points, u (x^y) is continuous in Q-+ y, and cp, 

0 }7 

>ij^o pt- continuous in G« y g ony'r, g being continuous 
1 ■j'" e Punctions sacisfylng these conditions form a class of ad- 
.ssible functions. Dirichlet's integral for vU' is defined asj' 

f' /** 

■ ■‘-’('f ) == I ! (‘fy. +4nyd.ccd7 = [ j drdG , 

. -• ' 1 P 

■' f Li 

(^) b.ac a ^u-eatoft lover bound d, and 


dniiuioing secuenno^s , For a variational integral iGy) a sequence 
if Cidjnlr.sible functions c/y, ... such that the values of 

(C<a), I (t<. '1 If'.P. ) ... tend to tbe gi'oatest loner bound d of 

J i. J 

((+0 is c‘iri..;ci. a n ini mi zing sequnrics. ilierever the set of possible 
■aluos of I(lp) is boundod from bolou^ the existence of a minimizing 
equoncc la insur'..dj oven though re need not specify a definite consti 
onst:i.‘n.ction of tl'i,- /I'di'diuising soquanoe. (Such a construction will 
0 th'.. r.v'.ln poiMt in the task (0) of computing numerical values.) 
or ercainplo, Dirichlet's integral having a greatest lower bound d, 
here is a rdnlinizing ceouonce of functions y Cxjy) for which 

■» ** 

(Cjp^) ..M-fe (1 as n '■“> 00. Kowevor, a minimizing sequence need not 
onvorge^ even If It converges the limit function need not be ad- 
isslble. 

Kplloit expression of Dirichlet's integral for a circle. Eadamard's 
sjection . The difficulties just mentioned are clearly shown by a 
act first discovered by Hadamard: not only is the solvability qf 
Lrichlet's variational problem not obvious, but Dirichlet's 
Lnlmum problem actually is urxsolvable In some cases in which the 
cundary value problem .for diffeheptial equation = 0 can 
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36 solvco. '.iTiur! i-i-ic iiloa of reducing tho latter to the former 

seoiiied ovoa niscrvjclited* . 

Lut i':. i;o trio unit circ?.c^ and introduce polar coordinates 
^^0. On fn-j CM rciurf jponco k of It cojitinuo‘J.s boundary values 
I “ uro a j v:;ii« Consider tlio (not neccssarilj" convergent) 

^our i C3 .1/ s .3 r i c; r* c * 


■s®' I 

+ >• (a, COSV& -ti’ siriVv?) 

n-i ''' V 

%:=1 


iien^ for i* < 1,, id'o solution of uiU ~ 0 satisfying the boundary 
ondition u - g O'. k is yivun by the convorgent scries; 


u 



V'-. 'U COS')© +r^ sinv9)» 

v=i 


f wo ju. ov 'C.'.ut ’9,., (u) 'Dlriclilot's Integral for tho circle of 

aclius p -■ 1 oi'out tl.o origin. 


u, 

1 '* 


[HI 


Tf X ‘ 
V=1 


V 


2 \ 2 V’ 
.J 


bf) 



lero the rifl.!.t-ii..';nd side may bo a divorgont scries. By letting 
tend to 1, v.ro infer Immodiatolys Dlriohlet's integral for tho 
irmo nl c f unc t ion 

u(r,®) = +^>^(S,cosv0 +i?^sinv0) 

\>=1 


'er tlio unit circle is given by the series 

CO P 7 2 

Dfu) ” 

,a exists if, and 
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i'ifo.i, j-Joia^/Gd cue uy iladaaiapd, there exist continuous 
'unctions 7'(G) Tor- \vli3.ch this seiiec diverges; e.g. if g(0) is 
;iven by tbo uiiifoiunly convergent Fourier expansion 


hon 




slnp.’Q 



* 



hioh doea not conV':;rce. Fith boundnrj values such as this g, the 
ouiict' '..T'.v v:;lit«.; '3^0 l l.oTTi of = 0 Can therefore certainly not be 

3 du c 0 ( s t o a vU I : :l * ■■ ’c i o i'ui 1 pr ob 1. o ri f or Dirt chi e t * s i n t e gr a 1 ^ a nd 
irichlot^; ]U’ircipi .0 is invalio* .:ic full equivalence between the 
3 ,ri:.v‘rxo''i'i.' r-roblor,' r.ncj vjyi bou.ndu'.’;/ Vc'lue probieio exists* 

le Co.vr- 'jt Porrul 'b:i.on of Dij--ich i et*s Principle . Hie last 
Lfficult:,'- car be avoided by roctricrlng the prescribed boundary 
ilue in ouch a i,'.Mnn.;r us not to exclude from the outset the- 
)lv;i,i. 1 1 j.'i.y of ti.c v.T'i. a imiui roi.' I opu lihilo for tire boundary 
'.luo I'roMoi:: ruah cor/VJ. tions fiv-c not necessary, the 3 ’‘ are essential 
) mai;o flu on" ?. •orf'bloj.u 3 .e-iiiingful. AccorbLlngl^jr, it will 

! aacumcO. t;;at tl-i ri-rscribod boundniy/' vuluos g are the values on 
of a funct'j.ou in d +y for which L[g] is finite. In other 
rds, xic (r”r].lcl1;ly :'S:’.ujao that tlicro exists at least ono ad- 
ssiblc .f\i.r'ctio)'i wit'' a finite Dlrichlot integral. Thus one is 
d to t!io fol'Jov;in.g forinulatioii: 


rlchlot ’ n F riaciplo* Given a domain G whose boundary . is d Jordan 
rve. Lot g bo u function continuous in G , plocewlso smooth In 

and with a finite Dirichict integral D(g). lot ^ be the class 
all functions continuous In G +|f', piccGwlso smooth in G, and 
th tho snm© boundary values as g. Then the problem of finding a 
notion for which Di'j:) = itinlimm = d, has a unique solution ^ = u. 

Is function u is tho solution of the boundary value problem 
i *5= 9 with tho values g -oh y * 
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of Dirl • i. 

^— -^ .... ....>7 •' -l- i-'l.l J_Lil On* 51 *» -% r«v-v - “I jO ■» 

for harmonic f^anctlons . 

If 1.1 afaji,,,nco of lioroonlo functions u,. convorgcs to a 
namonic lunction u un5.fo.ut,ly in every close? subdomain of G, tnen 

U il 

For ,nny closo-rt subdos.ain g' of G the sssumod nniform eon- 
icrnunoc of til, u„ implies by Harucck's theorem* the uniform ooo- 
.lorsonoo of dorlvotives of u,^^ to those of u. Heneo 


i>,.,i(u) = Ilia I'jilu ) < Urn D.(a.,) 

'rs f-vs ^ li — ■i«t. (jj' _Q 


n— > 00 


ind, h-r lotti j' t^nd to G 


< iii? * 


roof of Dirlchl.; !'::; ft 
0 til,, unit ci.fcl, ' \ad 
ound.'iry j?U;i,o1 j r.: ~ = 


inciplc for tho Circl e 
0 0 ii u i ;l d c r t ho F our i ■■ 3 r* g 


(t,9) 


Le 


tho domain 3 
of the given 


hi 




•f b^cos'vg) 


o 


'ri 




' * L 


erivergc, but for r < 1 the series 


0 P 

u = "Y + -i-ty COSv9) 


^os conv o.’iio, -.rid u ifi harmonic. 

Let V be any other admissible function for which D(v) is 

Inito, and ^ = u - v. On tho boundary C = 0» 

Harnack'a theorem ctfitos' if a s'cfl^uunco of harmonic functions 
snvorgos uniformly in a domooin, thon thoir dorlvativos converge 
ilformly in every closed subdomain end tho limit function is again 
^rmonic. 

proof, soo, o.g», Foundations of Potontial Ihoory by 
Kellogg, p. ,248* ^ '"I'" 
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D(v) = D(u = D(u) + D(^) - 2D(u,p, 


vhorc D(u,^) represents the so-called bilinear form 


JjQ. 


IVf Oi^eon'o formula 

D(u,^) - ■ 


/./ 


a 


deedy 

^ ! '> yr 


ds 




The firrst ttu’r: ol' the ri^ht side vanishes because Au = 0, and 
the ]aat 'lorra v.-uiishos too because 0 on Hence 


and, a: 


l!(u,p = 0 
I'{^,) > 0 , 


D(v) > D(u) , xvhich 


riCans ti'.nl I'irichlot's Integral is ninlmura for u. 

'i'-iio .ri-;'.ro.ulug, ho’i"evGr, has a gap, for C-reen’s fornruia is 
not applioablt; to u in the a’iiole domaiiii. In order to fill this 
japj con:;! 'dor ti.? ’’harmonic poj7'''-omials" 


0 

T 7 


-f 


r (ayCosv€!i-&^sinv9) 


uad write - v* Then 

D(v) == D(u^) + h{^) - 2 D(u^,|^^) . 
iy Green’s formula, applicable to the polynomials u^. 




J\ 

•' J 



u^dovdy + 


}t5 


2 Tr ^’u„ 

S dfe 

d-r 


^=1 


he first terjix of the right sl^e wi 3 i,shes because Ziu^ — 0» It/ can 

© seen that the seopijd 

ts explicit , 
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D(v - u) - U, i.e., V - u = coast. But u and v having the sane 
boundary values 


V ~ u = 0 


!Distancel_^ Trlanp;le inenual l ti e. . 

be two aclTnisslhlo functions, and write 

r^p 

^ dxiy . 

i !G ^ 


With this notation 


7) = 


)t and \p'' 


OiV +')/■; = D(c^) + D('^') + 2D((p,^') . 

j I?*.;-; a gicntost lower bound, there exists a minimising 
soqut.;rLCO ... Consider tbe new sequcnco <1^^^ Those 

functions ■/ill bo admissible if and its derivatives satisfy 
Coi'ba'. I. co>u;i1 ion.'-' o'f' continuity and if vanishes at the boundary, 

J / j ^ y * 

Wo acsuio: thni" ) 'uis .an upper bound R» If we w’^i to D(iP )= n 

■' ■■ Tn -n 

and ^ t'lo above inoquality can be ivrltton 

^ I / II 


D{% +£^^) = dj^ + 2£.Vj^ +£®D(g^) > d 


or, a foi'tiori. 


d^4 2ev^^-f£‘^R(^) >d 


£^R(^) + 2c\ + - d > 0 . 

ils inequality Is satisfied fdi* snyfi , if the quadratic form In 
3 positive definite, that Is if 

:'id < 0.., 
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which implies t]iat 

V.^ = tends unixor-rnly to 0 as n 


-> 00 


Wo now tr.ko a s-D'jclal function C = l> - » ’‘’-i 

yn ^n 

fixed. Then 


she re m is 


I 1 \/sK - 


and also 




By suhtractinf, the left-hand sides, 

D(|),. - i)^) < - d)'' + '/R(d^ - d) . 


Eonco 




f' (|) - b ) - 

•>0 as i;i,n 

— > CD . 


D(|) - 

■ t^) 

can bo consld 

orod ns the 

"distance" 

botv/ecn two 

functions ^ 

and 

f in the func 

tlon space 

under consi 

.deration. For 

those ”distt 

i.ncO'! 

the followl 

ng so-callc 

d triangle 

inequalities 

hold; 


'\^/D(j5) + 

\/D(t) 





> + 

ti) 



v5(I)' - 

\/l)(t) 


t) 


The fact that dih - -> n oo does not iraly that 

converges to h • If ''’c take t = 0, the following exanple will 
show that, although D(i)j^) -> 0 as n ->oo, need not tend to 0. 

Gonsldor the minimuii] pruhlem for I){^) in a circle of radius 3, 
when tho admissible functions arc to vanish on the boundary. This 
minlimm problem is solved by ^ = 0 and by no other function; 
d = 0 is tho mlnimxm value, not merely tho greatest lower bound. 

Now WG define In polar coordinates r,$a sequence of admlss- 

|ible functions ^ by • 
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/ 1 

I 

, for 

II 

1 

J log r , 

\ logj^ 

1 

, for 


j 

, for 

Then 

f[k o 
= t 

/ 

ixp 

de = cttI 

■''f 




vi'o now -coke 

, Then 


)2 

n 




In 


r dr = “ 


2Tr 


log a 


: n 


D(-i" ) 


)n 


0 as n — ^ 00 , 


but does not tend to 0 at the center of the circle, where its 
value is 1. 

Thus a :iiiniTnlzln{\ sequence cannot in general be ezpectsd 
to yield the solution of the problem by a mere passage to the 
limit. Tho ncsontial point in the ''direct variational methods” 
is to introduce iin ■■i.pproprlate sequence taat '■vill guaranuee 
convergence. 

C onstru ct-] o n of an harmonic function u by a "smoothins 
proces s ” I Consider a minimizing sequence of acuniss j.ble 
functions in C. f-s seen by the exarple above, the functions 
need not converge 


Wo considesJ a circle K in G, and we replace a function tf! 


:> 

“Jn 


by a function such that ^ outsiae of h and Is haimonic 

in It. By this operation we arc "smoothing Out'Vj^. Dirlchlet’s 
^principle having been proved for the circle, 

md therefore ' 
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The functions are aArdsslble functions 
ing sequence. Hence 


and form a nev; mlnlL'ilz- 


^^^n ^ El -> 00 . 


Let us 7/rite 


^ "Ct)^ = cr- 
n m run 


vVe can find an N such that In a concentric circle K' in K 


Through a point ix^,j) in K» ne consider the parallel to the 
x-anls, and lot 
(xg,y) be its 

intersection 
with thvC boundary 
of G« As 
cr^(x2,7) = C, we 
can v/rite 


'nin 1' 


"niTi 1’ 



which Inplies by Schv/arz’s Inequality 


r 


crL(x.,y) < 


^ - ‘^1 ” ^2' 


^1 


J X 


or, as G is bounded, 

.2 


f L I (z,y)d^ , 

2 


j Xc. -~'-X 


where L Is a given- length. By Integrating between two values of 
'y, y^ and yg, in 
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J 




1 ? I 

< L| 


(x,7)dxa7 


or, a fortiori. 


J 2 JH 




f: 

y-j 9 


J 


The integral of the left-hand side is taken along a segment of 
straight line s in parallel to tne y-amis. Hcnoe at some 


point of 3 


CT' 


L£^ 


nm 


To 


71 ! 


Hence 0^ - Oj^ - CJ^ tends uniformly to 0, andc*;^ tends uniformly 

to a function u» u is an harmonic function' because of the 
follov/ing theorem (vhiich will be proved later on in these notes) 

If in a circle a sequence of harmonic functions converges 
to a limit, tho lijTd.t is an harmonic function. 

If we lot now IT tend to K, v;?g have defined a harmonic 
functi on u in K. 

The smoothing process can bo applied to any circle in G-; 
it loads in every such circle to the definition of a certain 
harmonic function u. Wo assart that this construction defines a 
uniquely dotormlnod function in the whole domain G. For the 
proof we nood only show that the functions u^ and Ug resulting 
from the smoothing in two overlapping circles and are 
identical in tho coimnon part S of those two circles. 


1 q 

Letc*?^ andCdJ^ bo the minlmiaing sequences originating from 

,the sequoncG ip^ by smoothing in the circle and Kg respectively. 

*1 O o 

i^hon tho mixed sequence Wp ijGg, * is also a minimizing 

^oquencS'j and therefore Dg 0 as n oo • If K* is 
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1 ? 

'3* 6 .) andCJ aro 
n n 



a circle in S, a fortiori, ~ 6 v^) 

harmonic in K' and 
converge to and Ug 

respectively. From the 
preceding argument it 
follows tlint the mixed 
sequence also converges 
to a harmonic function 
u' in K’. Therefore 
u^ and Ug arc identical with u’ in IIK 

P roof that D(u) = d o Let G’ be a closed subdomain of G* It can 
bo covered, by a finite number of circles Ih, and by taking the 
circles small enough, wo can bo sure thet they all lio entire I 3 ' 
in G. I’lion 

G ' 2ik. C B , 

“ i - 

and hence 

By the tri. angle inequality 

The left side of this incqueility is independent of n, theroforo 

T /- 

) , 



\,(U) < g. 1. b« ^ 

the g.l.b* being taken over all vc'.luss of n. But 


therefore 


'q,,(^^"U) 0 and D{^) --*• d as n — »> 

(u) < t.o. Dg^,(h) < d, < 
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Consequently, since 

D(u) = Ilia Dp,{u) 

LT ^ ij 

D(u) < d , 

However, u Toeing an admissible function, 

D(u) > d , 

hence 

r(u) = d . 


Proof that the function u attains the prescribed boundar' 


values. The function u, so far defined in C* only, can be extended 
continuously to y and assumes the prescribed boundary values 
g on y « More precisely; there is a quantity £(c) tending to G ' " 
with S such that for all points P in G v;e have iu(P) - g(F.)i < £. 


one of the points on v'' 


if the distance PR from P to a point R on is less than b * 
stateiiient expresses the uniform convergence of u(?) to the pre- 
scribed iCoundary values. 

For the proof we -assume that r. Is 
nearest to P, at the distance rrc 

Wo now consider the circle of radius lOli about R. This 
circle defines in G a certain subregion L. 

We shall show first that h can be taken so small that 

for aU n . 

(t|? - ID ) —> 0, we can choose N so large that 

Jf n j HI ^ 


C3 


As D 


for n,m > Nj and we can choo^ h so small that 

“T ® • 

I ' 

By the triangle Inequality 
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ViIg now make use of the following 

Leama; There is a circle r = r about P, with 5h < r < 4h, such 
that for two points and on each connected arc of this circle 
the ineouMlity 

If (ivip) < sttcj^ ^ 


2 

where cr^ is an upper bound of holds. 


In polar coordinates this last fact can be written 

Pc 

! o 1 o p 

I i (n-C-' J. 'in HCian c f \ — ' 


I ^’fr + i''" ^ 


or, bv writing rfe = s, a fortiori 


' *. /I 

^ Ah ( 

I p p 

i dr <<r^ 

j j t) «L 

■ 3h 1 ■' 


By the mo an value t 


hcorora for integrals there will be a value r 


with 5h < r < 4h, for which 


I STfr 


f s^^ 


On this circle x- = r V'/e have for the oscillation of qp between two 
points and 

ly(Mg) < 2Tfr ^ <BTfof , 

which proves the leiamao This can be written 




||wher© 0< (h) Is Independent of n* 
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Si'"')! lar ly ^ uliare exists a circle | ^ about R viitli radius 


31i 




on whose oircuinference 
the oscillation of 

is again less than. 

2^^''(^(h). This 

circle will intersect 
the circle Z about 
P at a point Ci,. and 

if h is suff icie.ntl^’' 
small, it will also 


intersect 


r 


at a 


point 3..^ so that 


and 


are con- 


nected iij an arc of 
this circle in G-- 
Therefore, since 

r 


n 





Let u, be the harmonic function in the circle about ? 
n 

obtained by smoothing then the value u^(?) coincides with some 


value 


y 

°^^n circle and hence cannot differ from^^(Q^) 


by more than 2y2Tr;^(h)s 


|u^(P) <2^«^(h) . 

Finally, since g is continuous on^, h can be taken such than 




lero dl 





By combi niiig tiio thi-ee inequalities 


lu^(p) - g(R)l < 4:^(r^{h) +<r2(h) , 


whicli proves that u attains tiie boundary values. 

Thus u is recognised as the solution of the boundary value 
problem. Since it has been proved that D(u) = d and since u is 
admissible in the variational problem, it solves the variational 
problem. The proof of the uniqueness of this solution of the 
variational problem is novi? exactly the same as in the case of the 
circle. ilonco Dirichlct's principle, as we stated it above, is 


established. 

iban val ue pr oper ty of harmonic functions . I'le shall be 
able to give an alternative proof of Dirichlet’s principle through 
the c}'uirf.i.ctcri 2 ation of harmonic functions by their m.ean value 
property. 

Lot u(x,y) bo a continuous f-jnetion, with continuous first 
and second derivaiivos, satisfying the differential equation 




then 


r 


u(P) = w I ■u-(L)d9 , 

Jo 

where the integral is taken along a circlo C about P. 
By Gauss's theorem 

y'c 


or 


^a(P) 


rd8 = 0 ; 


or. 


b.oans. ortbo oontimltT o* first dortvatlv«s of u, 
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which moans that 

r 

|u(P)d0 = const, with respect to r. 


If we lot r tend to 0, we see that the value of the constant 
is u(P), ho nee p 

u(P) = i 

/ 

Jc 


Wo shall now provo the converse ^ namely, that if a function, 
which is assumed to ho continuous, satisfies the mean value 
equality for s. ay radius, then the function is harmonic. 


u(f) = ^ u(F)de 


lor every r. 

VYo multiply hoth sidc-s b7r r and intograto with respect to r. 
Hcnco /•/■' 


u(.P) 


1 


re 

1/ 


! ii(P)dxdy , 


Jj 


v/hicli can ho conoidorod as the mean value theorem, for the area 
(the double integral is talcon ever the circle of radius r i=.bout ~) 
In order to prove that u is differentiable, v.s consider 
the express ion; 


TTr^ u(:?c+h, y) - u(x,y) ^ 1 j/ ,j.(p)dxdy - ^ 


i t 


h 


li 

JJL, 


E ’ 


u(P)dxdy , 


Tj’hero the first 
integral is taken 
over the lune 

and the second over 
,thd lune Lg 




t ■ 1 

I ■» £? V ! 


.T\ 

'•‘"A 
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n 


I 

i U 




./r 

(Pjdxdy = £ / dyf u(?)djc = j , 

t i i 


'L 


tJ -T J 0 -V 


where P' is some point in on the segment parallel to the x-*axis. 
Because of the continuity of the function u, 


! u ( P ) dy 
J 


u(T)dy as h 


and similarly for the other lune. hence, as h —^0, 

fr fC f 

^ jj u(T)dxdy " £ 1/ u(7)dxdy |u(P)dy, 

’’ 4, 4l^ 

where the integral in the right-hand side is taken along the 
circle C of radius 1 = about the point (x,:/}o< nence 


TTr 


2 u(x 4 -h ,y) -x (x,y) 


F 


r . 

/ U ( ji' 


)dy as h —> 0 , 


Jc 


and u .possesses a derlvatiee u,^ given by the integral 


r 

u(P)dy 

TTr'^ I 


By Gauss’s theorem 


rr 

! } 


r 1 M 

U = — I u(p)dy = j/u^dxdy , 
; Trr Jj 


X 


Jc. C 


which means that possesses the same mean value proper y a 
Hence the function u has continuous derivatives of every order. 
We shall now prove that u is harmonic. Since u has 
’ continuous derivatives, we can write 
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whero R 13 bouadea. 

Integtrating both, 
of' racli 


ides v’lth. respect to 9 along the circle C 
us h about xve obtain 


/u(P)cl9 = 3Tr u(>: v) + ■rrh^(u 

'■ OCX 

bounded. As the mean value property has been assumed 


■'OCX ’ 


where p ^ 

foi-- the fu, 


nction u, 


or 


and. 




^^xx ^ "■ 


^ "oy .l,.,tting h 0, 


u + u = 0 , 

Awh j ^ 


Tf^h-ich to; 


"''ovciS thiit if.; liariiionic* 


f-i 


an apj)licat3 on. v;g ca.n prove that if a seouencc of 
.functlono coxivorgoa uniformly to u, then the limit 
u is liai'jronic. fl/c hruvo mado use of that theorem 

previously.) 


u - lira u = lim 
n-~-> CO n — ^ CO 


U / ' up7)S6 ; 
../o 


boc;mp(A Qf unlfo.rm convergGnee , we can interchange the 

o^deu Qpf>j-,Q^,j_Q3,bg Qf integ.ration and passing to the limit, 

and Wo - 


Ob tain 


/ 2Tr 


^ ^ wl U (T)de = ^/ u(P.)de 

Jo ^ Jo 




2Tr 


henco 


• ti ia harmonic. 

iH‘!££ia^ive proof of Dirxchlet's pr lnclplo ; We make the same 

suiop ti ou'ir'^'^heTe'grnk^ of the first proof, and we consider 

i sequence/ of 
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from the boundarj^ Is greater than h. At P ^;e consider the 
function 

(P) = — ^ //’•P(T')dxdy « 
trh“' 

The functions being continuous, the functions ca are 
difforontlablo'c 

VAi shall now prove that, for a fixed h, 6J^(?) tends uni- 
formly to n(P). 

For the admissible functions 


D((^ ~<f ) 0 

' n Ira 


n,m 


QD 


,ind 


--^0 uniformly as n 


00 


provided that remains bounded, the functions have piece- 

wise continuous first dorivatlvos , and = f. 

Lot us v^cito 


H(^) =- / 


7 ^ i:dy. 


Wo will prove that 

P'(^) GD(^), fd'K.re C is a positive constant. 

Wc remark ■ebat we need to prove the proposition only for 
a snuard. G- being tounc3cd, wc can surround it by a square and 
consldor a function >■’' such that 




and 


= d'ln G 
7 / 


= 0 outside of Ct but 
inside the square surrounding G. 

Let P(x,y) bo a point in a square, wo take x and y-ax2s 
parallel to tho sides of the square and let x the point whore the 
parallel to tho x-axls through P intersects tho side of the square. 

Then, as ^(x,y) = 0. 


' S 

X 


■ 5(^,7) 
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(W’e reiTiark that the 
parallel to the x-axis 
through P must cut the 
boundary of & at a 
finite number of points 
at most, in order that 
the discontinuity of the 
derivative ^ occurs at 
a finite number of points 
at most. This is the only 
of G. ) 

By Schwarz’s inequality, 



hp) 




Irplles that 






2(P) < ^ 


where ^ is the side of the square or^ integrating with respect t 

fq^(P)a7 


•-'L 


and, Integrating now with respect to z, 

//^®dxdy <ih{Z), 

which is the proposition w'e p/anted to prove. 

Let R be a point on the boundary y and consider a circle 
of radius about R. We can always take' f small enough, so that 
the subdomain L of G limited by the circle is a simply connected 
part of G. 

We shall prove that 
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Conp Irior a circle ol' radius v, v < ^ 
As T'" = 0, 

.^(t ) = J ^^ds 


uit R 


whoro P is a point on and where the Integral 

the houndar:' to P alone C . 

r 

Flonce, by Schwarz's inequality 


;a'':en rr-oir 


^.^(P) < 2^ H. f 


wiiere the integral is taken along tne arc of C.^ in 
a fortiori, integrating both sides with resoect to s 

!h^(P) ds < 'i;^ds , 


and, integrating now with respect to r, 

'^o'” the functions fcJ defined above , 

n 


nil [c^^(P) - ^^(?)] = !' [fn-") - 


whri’o the double integral is taken over a circas C 
h about P. 3ut this last equalitj’’ implies tn-^r 

{*^[%:?) - c^,.) 


Hffn- hi iVfn- 


S-Hcij 3.S "* *^ 111 "” ^ "bonnd-Epy y 


‘fm' ' '^-hn- 


by the lemma we have proved above 
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fn adjidsslble funjtions. 




— > 0 


as va 


CO 


hence 

fortiori, tend to C, 

which liurjlies that 

CO^(P) also tends to 0. 

Fence, for n fixed li, anlforcly fends to a llxlt fanotlon u(P) 

Wo shall no,v prove that, for another h, re obtain the sare 
function u.(P ) e We consider the function 

'Tj^ (z, y;h; = log |j. + -5(1 - for r < h 

h'^ 


0 


for r > h « 


For r -■ h 


f r 


= 0« 


Lot H he the circle of radius h stout ?, and K the circle 
of radius k. For ^ v/e take the fun’,tion 


Using Green's fonriula, 


"U'-ih) -r(k} 
/ / 




Ana = D(^^,y(h)) - 

Bence 


0 as n —S' CO 


'T “ \//fna.xdy —^0 

h H s K 


as n — CO , 


?hlch shows that 


' 

fence u is defined independently of h in any open domain. 
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We 


shall show iio-v that o. has the prescribed boundary values 


Lot E be the point 
nearest to P on the 
boundary, and PR-2h, The 
circle of radius 41i about 
R will doteriPine a sub- 
domain L in G. Let Iv be 
a circle of radius h about 
P. We h'lvc seen before that we can 



p, (cf _^) < ^(-h) 
jj .'n ^ ^ - 'O 

whe?‘o O'('n) tends to o with h. oj the lemma proved aoove 

.2/ - ^2. 


< 4Tr^(4h)-'DL%-yj 


or 

n“S' 

) < 'f.4iT^h^c-(h)* 

t 

But 


) 1 : * 

Hence 

TTh ' 

i ff[u-j -.,q:) 2 (ixdy < 64Tr<r(h) . 

TTh"^ ■ K ^ 

By S chw ar a ' s 1 ne qu a li ty 

for integrals, 



But the 

left-hand side 

Is 


[Cb(P) - g(P)]'" . 

Il 


(vhere g(P) is the mean value of g over K. 

, ^ , » jp ^ —> 00 . we obtain 

This Is true for any n, hence, if n. uj , 


[u(P) , 
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and this expression t.nds to 0 ./ith h. But when h tends to 0 

g(P) -cenoG to g(P). Hence u(P) solves the boundary value con- 
ditioiic 

‘^0 have to show now that u solves the miniimm problem. 

Wc cunsirlop a subdoraain G ■' in G, can cover G>, except 
for an arbitrarily s^iall area £ , with non-overlapping circles^ 

of radius 9 ^, , the largest radius being less than any preassigned 
value, if ^ is a function having an upper bound M in G', 

fl 


/ / P /I . 

'aiTQ-xdy =^,TTprf (P ) + S , 


\oiic>pc ly 3.0 thu contup o.f cipcle ^and v/iieps 






If • '-• t‘jk8 f= , ther 

^ X ^ 


^p,(u) =•- uj(?.^)] + S- 

liin 


Bu t 


IT f P , ) = 

X ■ V ' n~?> 00 


g ff% (iTcay 

j V -y 


and, by ochwara's inequality, 



U^(? ) 

"fv S '' 

Honco 

Dp f ( u ) 

< j){ip ) = a 

- n—^oo yn' " 

or 

D(j(-a) = 

= lir.i Dp,(u) < d . 

But, 

being admissible. 

Djj(u) = d. 


finally wo. shall show that u la harmonic- 

= n 
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We cons 
about F 


and 

Then 

v.’horo ti 

Tl.'O 1 ‘tOi 


idop tlio 
j and for 


circle of radiu 
^ wo take tho 


a find the circle 
following function; 


of radius 



for b < r < a 



for r > a 

for r < b 


^(Uj,.^ - — / udS - / xjd.S c 


' iit'^gpe^io ii'- taken along the circles of radius a and b. 
j u. cl 1 i t' ,y SiiO'-/s ri'iat u as fcamon'i Oo 
.]iu.. tho nocond proof of Llriclilet 's princlolo is oor-nloted. 


Problems 


1. Prov<^ the triangle inequalities in the 
function space. 

2i' I'rovi; tho inequallty 

lUp < CD(p (C > 0) , 

Yi/hero ^ is assumed to bo 0 only on an 
arc of the boundary. 



l-'ir.iierlcal 
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of Var 


Iti {jiving an Gxistenca proof for a solution to 
a variational nroMera ono merely requires the existence of 
;rinir.:i3inr- seqi.icnces, with suitable convergence properties. In 
practical np.plicotions or for purposes of computation there still 
rerjains t^c problem of actually constructing a minimizing 
soquev.co, arrl, furthormorej one which converges with a fair 
dogroo of rspidit”. The method described below was first 
i ntrodT.’.cod by f, Ritz, who applied it to prcblc-ms concerning 
eiastic pj.atos.'' 

'"o covuoidor a vrriational integral 1(4) defined over a 
function c'^ass H .of admissible functions. An onumorable seouonce 


of fu’.'Ctiouc 


contained in the class R is said to 


bo complote if over;’' function 4 in R can be approximated by a 
finite li'i'oar cerbination 

of functions belonging to t>'0 soquonco with prcasslgnod 

accui’pcy. The epproximation can bo understood in soworel senses. 
Given any c’ in F and any e, wo want a such that 

a) ~ I(\)! < £ 


(§ - dx dy < £ 


In tho following. wo oholl take tho approximation in the sonso a), 
For example wc know from tho theory of Fourier series that 
the GOQUonco of functions 


Walter, "tJbor oino nouo Mothodo zur LBsung gewdssor 
....Jtionsproblcmo dor- mwtfcomatischcn 

relno und angow<andto Kathcmrtik, v^ol. 135 (igoSTT^hoo. .e d.* 

chvd'ngu'ngQn oinor quadratischon^Platto mit 

Annalon dor physlk_ , Vol- '>8 
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oir nTT>: fn = i o \ 

form;;; ;'i coi'nlot'-' for on ^/ \ , . 

r •». t..j — I U 4 . 1 C i. j..Oa1s ‘5’ ( X ! ’v/h.xcli S.PO 

contlrnoxiG, >tavo a -oioc.r'n onnf 

-'-.tijiaouo u'^^rivativo , and ■'^'ani* s’l 

at 0 r:nd 1. , . - - 

iOJ" I,,-!... trijonoirotrlc fKrctions, the most Isoortant 
ani laoat .,.ao:h.O cor.eletc ayatj,, is given br the Integral po-aors 
of x> or. In tv-o rUnenelona, xV. Tho linear conbirxtlons of 
s-acl, fnrotlona a,ro PolyaonlaU. aoloretraso proved tho foUo-lng 

in;-oort'"i'h thtjoron). 

I-f ^(x) 1 g an artitipary centinnens function in a closod 
intorv-1, then it may bo annrordaat jd in this interval to any 
doslxxcl rlogr'-,o of accuracy by r polynomial p^(x), provided that 
n in taken suff 5ci')ntly largo. 

This tlnorom in valid for higher dimensions as v;oll. 
iLijturning to fch.o given vpri'xtional intogrcl 1(9) y a/o su'ouosOy 
in order that tho problem rnaho sense, that the integral has a 
gro.atost loxior bound d. - Prom this follox-s immediatoly tho 
Gxistorco of niinirnizing cccxxcnccs t ouch that I(o ) ->■ ( 3 , 

Tiio Ritz rnothoci conoiats in aot’hin,^; un a irininizing soauoncG 
by Fioano of a senios of aunilirry rniniiriuni problems* 

Wo conQldv:p, for a fixed tho integral 


n 




I(a,v;, + ... + a X,? \ 

11 n n ^ 

aro the first n nuzxx.tcrs of a comnlotc systc 


whore 

for the ndrisoiblG function class H. Tho integral then 

HoconiGS a function of the n coofficients varying 

independently. Wo. next consider the problem: to find the set 

of coefficiontc aT,...a xphich nahos I(fL) a minimum. Since I 

i n n 

has. a lower bound and depends continuoxusly on tho n par-rorjoters 
It must attain a minimumj according to tho ordinary 
theory of maxima and minima, tho systom of n equations 


servos to doto^miino the particular values ,a^ = which give thop 
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";e le-ote ths ,niniT.;U ' ns tootion u = ci,w.+...+c - . 

The eseor.ce of the sits method la than contalnea”ln the following 

the oTern : 

hne seqr.once of functions rhich are the solmtions 

to the snccessive nlniro problems lO.'r^) forced for each n, are 
p c'inim.lzinr sequence to the original variational problem. 

First, it is seen that is a monotonicslly decreasins: 

function of n, since- v'e may regard every function ^ admissible 
in the (n-l]st minimum nrotlein as an admissible function for the 
n“th minimur,- probloc’ rith the additional side condition a = 0» 

T n6 i OP o 

l(p. ) 6 ^ da 

n •"" 

Foxt, the or.lstorcc uf a mirimizing sequence 1 to the 
vcri "-'ti oral -Drobi.era ij.irllcs that, for some sufficiently large k, 

I(ci 1 < d -f I . 

K ^ 


Fines the system r-, , . . . . . . is conrlete, there enists a 

su i t riblo fiirc t io: 


n 


01^1 + ... + su.ch that 


T ( 'f' 

n 


T'.s '1 + 

\ - V ' 


^ • 


Rut, by definition of u^, 


I(u„) 



7 


henco 

I{u^l < a + e, 

?/hich establishes the convergence of to d. 

The process of constructing the minimi zing sequence lu^_] 
depends on solving tho system of n equations: 


3 


ii\) = 0. 


The process is considerably simplified if the given Integral is 
quadratic, since in that case wo havo ,a system of linear 
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equations in the a ’a. 


4 - = 


As an exavqjlo, let 
g is a pol?mou!iol. 


Ilf. consider the case uhero on the boundary 
!-ho boundary being given by B(x,y) = 0. 


take for functions t the functions 


= g + B(x,y;(o + bx + cy + 


This r.oquonco oi functions # i.a a zainirnizing cequencc., an.d Ifc) 
is a function QCa^bjiC,.,, ) of tlio coefficients a,b,c,..., and 
tho 'oroblcii: is roducod to find tlio r.inirnum of Q 'vith resnoct to 


Hov.'over, rc shall nov; cor.:c to a iiothod by vfnich the functions 
4 are dotorn.1nod directly, a/ithout going thneough nolynoriials. 
MethiOd of finite difforencos . The fundanontal idea of this 
irothod Is to .I’cplaco tho differontial oqiiatiozi by a ’.'differonco 
equation*' (an equation in.volving finite differences}, thereby 
reducing tho problcp. to a siiiule s 7 "cten cf linear algebraic 
equations in a finite nu,nbor of unlrnouns. 


•p.o begin by covering tho zy 
consictin.r of cqusros of side h, 
the tvjo sots of parallel linos 


-■ol 


ano "’ith a quadratic nesh 
0 do this ue dra\7 in tho nlano 


X = nh (e = 0,1,S,. . . } 

y = nil (n = 0,1,2,.,.) . 


These tvfo faEilios of lines intersect in points 
the not, or lattice , points of the nosh. 


".diioh uo call 


Noiv, instoad of concidorlng functions of tho continuous 


variables x and y, vo consider functions uhich arc dofined only 
at tho lattice points of tho abovo nosh. That is, tho functions 
arc to bo dofined colo.ly for tho ergunonts x = mh, y = uh, whoro 
h I’s some fixed number.- In any bounded domain only a finite 
number of lattice points vrill bo prosont and honco each function 
will take on only a finlto numbor of values. It is Impossible 
to speak of the' derivatives of such' functions. Instead we define 
what we c.all the differonco quotients of thosp discrete valued 
functions# ' . ■ - - . - , ■ 
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Let u(x,y) te a fnnction at the lattice points of 

the ,/.y~plane. Ihen tne '3.if-e”3'nce quotient of u with 

respect bo x at a lattice point {x,j) is defi:ied to he 


_ u (x+h,y)-u(x,y) 


and the hactear d difference quotient rith respect to x 

■a.(x,y) = ^ 


In general, these tv;c difference quotients are not equal. 

In a manner sini] ar to thjc ahove may define the second 
difference quotients of a function, l.e., the difference 
quotients of the first difference quotients. The for’.va.rd second 
clifforenco quotient is given hy 

u^_(x+h,:;-)-u^(x,7) 


u(::+h,y ■ ■-2u' n,y Huln-hjy } 


Also 




' / n \ 

y .y ^ n . J J ; 


whoncG 


u ( x+h , 7 “ 2u ( X , y ; -f u ( X -h , 


^xx = • 

Wo could, if wo wished, considor the second difference quotients 
u and u— . Honovor, the use of u- makes for greater symmetry. 

7/e now replace th,G Laplace operator A-hy the difference 
operator, which we denote hy to apply to functions defined 

only at the lattice points. Thus 


A, u u _ + u - 

h XX yy 
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-h“ - + + h! + u(x -,h,y) + U(x,y - h) 


A1 


- 4u(x,7)] • 

The signiflcr.nco of this oporator becoKes clear if wo 
consider a net point and its four neighboring net points 

points arc called neighbors if the 
distance botTCon thOK is h. ) Hones 

^h^ “ - 4u(P^i]. 

ihat is, the value of o.t is four tiTjes the sxcoss of 

'bhc fi-i’ j, bi'^T^’O'b ,10 iiiorin of tiic rioigh'b orlnsr val'jiGs ovov '' 


o ‘ 0 ' 

this oxcoss being dii^idod b-r the nroa le of the rriesh. 

liio equation L\u = 0 corneoponds to tlio diffononco eaiirtion 


u(Pob 


T^(P-, )+u.(?p)+u(^^'+u(p. ) 


Fence, in a quadratic net, tho Lc.olacc equation states that the 
valuo of u at a lattice point ? is tho arithtaotic mean of tho 


values of u vt the four nolphbonj: 


'^G havvj seen befono tho-t 


solutions of cJu = 0 


' p n 'F 


this roriarkablo mean valuo pronortv, 

a- V ^ 


whore, in that c"so, tho noixh-'ors of P arc the noints of tho 
circuiiiforcnco of a circle about p as a contcr. 

Boundary valuo problom in a not , '’’o cover tho xy-plano with a 
quadratic not. Lot G be any bounded dorriain in the :cy-plano with 
a plocou'iso smoot]i boundary v. Tho net doaeain corresponding 
to the domain G consists of all tho not points which lie in G. 

A not point is sold to be a boundary noint of G. if not all of 
its four .neighbors aro'in Gj if all four neighboring points 


aro in G, tho point Is said to bo zji interior point of G^^. Tho 
boundary is dofinod as the set of all boundary points 


of Gj^. 

To solve, with any specified degree of accuracy, the boundary 
valuo problem of tho difforontial equation Au = 0 for tho 
domain G,, wo roplaco tho differential equation by tho difforonco 
equation , A^u .= 0 and tho domain G by tho corro a ponding net ■ ; 
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domain If u - gfx,-/) is the Doundar 7 function prescribed 

on Y, tnen the boundary values at the points of Y]^ ave chosen 
as follows. If a net point P of Yj, lies on y, then the value 
of c(x,y) at ? is taken as the. value of u at P; if p does not 
lie Oi . y f ve tale as the value of u at P the value of g(x,y} 
at 3 point of y near to P. 

’7e may nor solve the boundary value problem for the net 
domain. Let N bo the number of interior points of the net 
domain Wo may get up for each of the interior points the 

difforcnco equation A,^u = 0. In each case this is a linear 
equation involvino' five values of u. Some of these equations 
cont.f^in hnorn nuantltles, i.o., those for points that are 
neighbors of boundary points. The other equations are homo- 
yoncous. Alto, pother ro obtain a system of F linear equations in 
F unknorns, i.e., tho values of u at the F interior points. 

Existonc.') end uniqU'-iness ( ;f the solution . First wo see 
that tho leaximum and n;inii;:i..m valauja of u. certainly aro attained 
on tho boundary: Yt^ ot Gj^. For, if tho maximum were attained 
at an intorlo-U point p, thc.n tho value of u at one of the four 
noighbors, sav a, would be at Least as large as at F, boca.use 
of the moan valno proporty. If the- e'alue at Q is larger than 
tha.t at P, wc hevo a controdiotion and the st-atement is nrovod. 
If tho tv;o valuos aro oqual, by continuing such a process about 
Q, we see that u mxist bo constant in G-^, and rg.ain tho statement 
is true. Tho minimum pronorty is proved similarly. 

It follows that tho boundary value problems 


&J,U = 0 In C-Jj 

u = 0 on Y}j 

has tho unique solution 

u 0 in G^. I 

Fox* .this problem we have a system of N homogeneous linear 
equations. For the general boundary/ value problem 
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'<^11 it lo: 


t:!’ u ('O'. 


"OQ used. 


-^u=0 in 

u = g on Yj^_ , 

‘ ..inonn equations with the addition of a 

const .'n r!o;::e ni thoro, l.e., a non-horaogeneous system. Pnom 
tr.o ! •‘Otv.'}. o; G;, st-n’vc of linear equations the existence of the 
xinlqi-o . Ion n for the hoxnogeneous system implies the 
ex 1 (V'Ci.i of n nniquc solution for the non-homogene ous system, 
tiethods . Various practical raethods have been 
devloc.d to Go^iv; quickly the system of W linear equations, Vhon 
t.-'U (.O'.'.' n onr; cy inctric or cnecial shapes, shortcuts may be 
fm.ir.'.’, t,';!3 is r’lnosciblo general procedures can be used. 

Thi'iso 'U' : 0 of procossoc of roneatod manipulations 

Tv'’i:'c’' '■y i . 1 iiochanically. 

’! ’M'U-ir' I';.' o.'u.un.lng for u(x,y) at the interior net points 
of o'-iy vo.i.iv; r', mhr ts never , It is desirable, however, to make 
t’ri 0 "fivot arir'T’ox t ion” (’which vic denote by u^) in such a way 
t'Cat thu or.r.iu!''.. cl m'^luns lio bet’"/ccn the maximum and minimum 
bou’'idnr;; xaluiic. '"o now consider two procsdurcs. 

n) Orclrr the interior not points of G, in some arbitrary 
manneer, » Po, . . . I’hor roploce u^(P^l (our assumed "first 
annrcx’h.iohlon" at 1 by the aritlmectic moan of the assumed 
value a at tt;; four nolghboro of Using this value, do 

the aoieo for a](?q'* Vsing the nov; values at and Pg, renoat 
the ri.rooiens for UT(r', ). Continue this process until the values 
of u^ at '.'ll H of the interior points have boon "corrocted", 

"/o denote the corrected valuoc by Ug(?). Thoy give a "second 
approximation" to the final solution. Again wo start out with 
and proceed exactly o.s before, to dotormino a "third 

approxirintion" u^(P). This procosa is to bo continued as long 

0 

as notable difforoncos occur between a value and its replaced 
valuG. llhon this Is no longer the case wo consider those values 
to bo a good approximation to the actual solution of tho boundary 
value problom.;.- 

b) Instoad of proepoding as previously, whore oonsoeutiv^ 'C ■■ 
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rne pi'incT-D].e of tiie method may he undsrstco.d from the 
6 l6jii0nu 9 '^'^,'/ A 6 01110 ta.'^ic concept of a. vector gns-diont, T,0t 

u = ,X^^) he a non-negative function of the n variables 


or, as wo migot say, of the position vector X = (x 




for which u is at 


and let us soo]' to determine a vector X 

least stationary. VJe then proceed as folloxvs: on the surface 
u = f(x) we move a point (x^,...x^,u) so that x^{t)andu(t) boconie 
functions of a time -parameter t. Then the velocity of ascent or 
descent along the line X = X(t^u = u(t) on the surface is 


du 

dt 


n 




. -lA. = X 

l=x “1 


:d f . 


ho now' choose tiio line along which the motion proceeds so that 
the dcscont is as steop as possible (lines of steepest descent') 


( 1 ) 


so that 


7 = -grad f , 


u = -(grad f)' 


Honco the rosition vector X moves according to the system of 
ordinary differential equations (ll along the lines of steopest 
descent with rospoct to the function f. Under ver’r general 
assumptions, it is clear that X, starting from an arbitrary 
initial position, will, for t -*» oo', cnproacli a position for 
which grad f = 0 , end therefore for ’diich f is stationary and 
possibly a minimum. Honrevor, instead of using the continuous 
procodure given by the differential oquaticn ( 1 ), wo may proceed 
stopwiso, correcting a sot of approximations x to the solutions 
of the equations grad f = 0 by corrections proportional to tho 
rospectlvo components of -grad f. 

This elementary idea can bo gcnoralizod to variational 
problems. If we wish to determine a function u(T,y) defined dn 6 . 
and having proscribed boundary values such that u is the solution 
of a variational problem - 
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( 2 ) 


I(v) - V )dxd7 = min., 

G ^ J * 


then we interpret the desired function u as ^-he limit for 
t OD of a function v(x, 3 r,t), whose values may be chosen 
orb .Ltjpp oily for t = o and for oil t thereafter are determined 
in such a way that the expression I(v), considered as a 
fuiiction I(t) of t, decreases as rr.pidl;/' as possible tovrard it! 
ininiL!'-.'! value. Of course the bound.ar7 values of v(x, 3;‘,t^ are 
the same as tliose for u(x,y), 

boundary. If we choose v = v(x,y,t}, we find 
(3) 


so that v^j. must vanish at the 


I(t) = - Jjv. .■'i:{v)dxdy. 


where P(v) Is the Euler exTreosion corresponding to (2), 

To consider a concrete oxampie^ we suppose that 

I(v) =J(/iv" + v“)dxdy, 

G y 

so that our minimum problem amounts to determining the equilibri 
urn of a membrane with given boundary deflections g(s). Then 
E(v) =: -2Av. IncidontoJly (3' displays an analogy bet'7eon ■ 
the Euler expression and the gradient of a function P(x-,,...,x ) 

^ X3. 

of n indopendont variables. Tho variation or ’'volocity” of 
I(v) is expressed as an "inner product" of the velocity of the 
"Independent function" v v/ith the Euler expression E(v), the 
gradient of a functional in function space. 

Wo no\"/ asm.xre o'ursolves of a steady descent or decrease 
of I(t) by choosing v^ in accordance x^ith the differentia.l 
equation 


(4) = -k E(v), 

v/here k is a positive arbitrary function of x,y. (S) then 
becomes 

i(t) - - ff dxdy, 

G ■ 
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and 

again we 

con 5.: 

the 

solution 


E(u'' 

= 0. 



For tho 

CwOse ^ 

(4) 

becomes 


(5^ 



tho 

■'q nation 

of hO: 


= A^, 


uqu'^tioi'i ciGC]C??n:jjs a rapid approocli to a stati : 3 t.^to 

tho "lincG of GtoooGst doscont''. vjhile for the oquotions (4) 

?aid (5l tho convoi’qonco of v for t -»• oo cm co oroved, sorioris 
difficulty arlcGs if wo went to ro'olcco our continuous procoss 
bT r rrocoss of stepwise corrections as would bo roquirod for 
lurioricnl rmnlications. Each stoo Ecens a correction ureportion- 
:il to Av, thus, introiucinq Mghor and higher dorl^/atii^es of 
tho initial function v. Another qro'-t difficulty is prosontod 
by rigid boundary laalues. 

Yob thcro do orJst clrsoos of prcbloir.s ’■’’hero such 
difficultjos can bo overcojpo if tho mot;aod is oxtendod nrcr'Crly. 
First of all we may observe that it is not necessary to select 


tho steoTx-st descent along th 


ij.v^ 


i 


it suffices to socuro 


a safe doscont at a suitably fast rate. Parthcrmorc, if wo 
consider rroblorns for which the boundory value orcbloin of tho 
diffo.rontial oquatior.s presonts no difficulty for tho domain G, 
but for which a degree of freedom in the boundary valuos is 
loft, then tho problem roducos to ono for finding those 
values, and now all our difficulties disa.ppoar. 
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Appll c ri o Ion , of t:h.0 c a..lc iilu s of vopiations 

the elgen%^alne problem s 


Extreiri^ properti es of elgenv-lnes. Let u. u . be the 

-r- X' ' n 

oormoriont s of o vector u, o,nd 


Q(u,u) - Q(u) 

k=l 

be s:/7;i!iictr 5.G qr^'drotic form, with. 


The po-crilled "mirced form’' Is 

' ^ 2X. 

1=1 

lP=l 

I,Gt nr, v;rite 

n - 

H(u,u) = R(u) = -al ; 

1=1 ^ 

the ortliogonality condition for tv/o \'ectors u end v/ is: 

H(u,w) = 0 . 

In the theory of q’o-"drc.tic forrus it is proved that by an 
orthogonal transfo.rmction the vector a can be transformed into 
a vector v each that the form q(u) is transformed into 
X A^Vj, with H(u) being transformed into X. X^v^ The are 
called eigenvalues or eharaoterlstic values . 

Those numbers can bo co.nsidercd as the solutions of a 

sequence of minimum problems. 

The first problem is to make Q(u'l a minimum, with the 
subsidio.ry condition H(u) = 1. The minimum, X^j^, 
attained for a certain vector u, namely e , and Q(e ) = X^, 

H(©^) -5= 1. ^ ■ 

The second minimum' problem will be to make <i(u) a minimaiiH, 

with the two subsidiary conditions H(u] = H(u,e ) = O. 
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miniimm, will bo attninod for a cortain vector u, namely 

0^, and :T(g^,o®) = 0, Q(e^,o=2) = 0, q(e^) = Xg. 

The k-t.h mlnfaiiun; nroblein will be to make Q(-a) a minimum, 

with t’v) k aubsidiary conditions H(u) = 1, H(u,e^) = 

l^r IL 

iT(n.,c '■ ) - 0. The minimum, will bo attained, for a certain 

vector 1.1, namcdy and K(o^,e^) = 5^^,, = X, 

whore = 1 if i = k r.nd = 0ifi7!^k. 

■'.''0 can obtain similar results for quadratic functionals. 

'To consider a solf-a.djoint pa-rtia.1 differential equation 
of ihiG second order 


(11 


I.(u) 


( pu-., K 


(p > 0, ^ > Ql 


wliei'o u is a function of two indopondont variables, x and y, 
defined over a, domain G, of wlxich the boundary, P , is a 
0 OTfi inuou s curi'o a'ith a piocowis’C continuous ta.ngc-nt. The 
boundary condition is u = 0 or, moro gcnorall}/, ~ + <ru = 0, 
whore <5" is a niocewiso continuous function of the arc length 


on 


nnd — donotos differentiation along the normal to P . 
■ an " ' ' 


Pox' tho Y.ari "■' t: i oncil pro^il.oris ccnaivcilcn'b to tliGsc oigonV''''luG 
probloinc the following quadratic functionals are to bo 
corsidoi’Cd: 

E(d') = D(dO +/ por-'i-’^ds , 

r 

D(#) = J/p(^| ‘i|)d.xdy +//qAxdy , 

Q. ^ y G 

H(#) -fj p^^dxdj , 

G 

and the corresponding ’'mixed" forms 

E(#,¥) = D(#,y) + / p cr ^fds 


D(^,Y) q^fdxdy 

H(#,T) =// p itTdxdy . 


'( ' .l.'hG 
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Pot* these ext)i*esslons we have the relations 


+ Y) = E(^0 


+ 2S(c,Y) + 


H(# + f) = HC*; + 2JI(<I>,7) + 


A friuction <[' Is adnissibie if continuous in G + P and 
possooninr piecewise continuous first derivatives. 

We can obtain the eigenvalues X and the corresoondina 

Y 

eipenfunctions of the dif j/erential equation (l) through 

the f 0.11 owing riiiniinur’ properties: 


A;'’on,P’ all adiTiissible fiuictions the function 
ro.r V'/br' ch the expression PC'?) is a nininuni w'ith 
tho Subs? diary condition 7d^') - Ij is an eigen- 
function of the differential equation (l) 

with the n&bural boundary condition — + CT & = o. 

an 

Tho ininiriun value of E{z) is the corresponding 
oigon\ualue. If, to tho condition E(&) = 1, we 
add the new subsidiary condition HCSjU") = 0, 
then tho solution of this nei^^ ndniiruii- problem 
is on oigonfunction u^ of (ll \';ith the san:e 


boi^ndary condition, and the riilnimum value 

= Xo Is the coi’re spending eigenu-aluc. 
Gencro.lly the variational probloir .E(<s) = minimum. 


with tho suhsidiar-'’ conditions E 
F(<ii-',u^) = 0 (1 = l,2,...k-l) has 
which is an eigenfunction of (1) 


(#; = 1 and 

. k 

a solution u 
with the boundary 


condition || + O’ $ = 0, and the minimum value 
S(ii ) is the corresponding eigenvalue 


Instead of making E(^) a minimum with the condition 
H( 5 >) = we can abandon this condition and make the quotient 
g ff I a v^lrirrrar.: ' the solution is then given with an arbitrary 
factor of proportionality# 

We shall assume here that the mlnlraum' problems- have^ a 
solution, and show that their solutions are the 
of -nfi-r-irinl differential equation {!]. 
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'Ho conaidor tho 3olv,tlon of tho first VGriational 

X 

probloiB, I':('u ) — la Lot ^ bo an ndr-issiblo function and s aji 
arbitrary constant, then is also an admissible function, 

and 

S(u^ + + s^) 

or 

2 c[R(u^,cO - :k^H(u^,^)J + sHfAK) - > 0 

for evoi’y c , v;hich iianlies 

- X^H(u^,^} = 0 . 

Poc^uco of Croon's forinula 

-• -jJ ■'::^L(u^)dxdy + J pcr^ u^ds , 

G " p 

anrl, on tlie finiction K arbitrary, we obtain the equation 
(1; for 1,1 u^' nni. 1. = 

Ti': tho sGCond ]ainimum problem, let be an admissible 
fnnehiov!; then K =r >| + tu^ is an admissible function, and \-je 
tnr.- ino t so th-;t F(.^,u 3) = 0; we obtain t = -H(u^,i^ 
Subiriiitutii np Iri 

S(u-,^) - = 0 > 

we o>ital:i 

T!{u'tr|) - J.gII(u®.Vj) + t[B(G,ub - Xg^Kutu^)] = 0 . 

3 lost term is 0, and we get 

E(u^,*|) - ° ° ■ 

g 

loh la the saw ^qurtion ns In the flnst ensa. Hence u 

eigenfunction of (D Xg the conrespondlng elganTnln 

, ,, 4 4- n* a s&on in the general cose that 

-In the snroe way,- it os. se%.x 4 x. o . 

the aquation, , ■. ,! 
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E(u^,rj) 

- 

o 

11 


hol^ 

is. 

being 

on arbi 

trary admis 

slble function. For 

the 

norm al 

solutions 

of the 

successive 

minimum problems we 

have 

the 

rel 

"'tions 







E(u^l 

= 

, E(u^,u^) 

= 0 







(1 kl . 




H{u^) 

= 1 

, H(u^,u'^) 

= 0 


The 

eioc' 

envalues 

satisfy 

the iiieq'upjit;/ 



>■ < 

' n-1 - > 


for in the n-th niininMni rroblera the dornr.ir of the functions § 
ndr:rlttsd to competition is not larger then in the (n-l)th 
prohlo’Ti. Fenco the miniiiiurj X is not smaller than the 

3ri 

rniniiruni a . 

n-1 

We shall simply mention hare that other eigenvalue 

prohle;ris can be treated mith the help of the calculus of 

vai’intions. The integr"! may be simple or multiple, and the 

differential equations may bo of the second order or higher.' 

The mrjci! lu m- niinimum property o_f the eigenvalues. We can 

replace the rocurronce definition of the n-th eigenvalue a.nd 

the corros ponding eigenfunction by a definition in which the 

n-th eigenvalue and the n-th eigenfunction are dotermined 

without knowing the procoding ones. 

We consider the same variational Pi-oblems ns before, but 

wo replaCG the conditions = 0 (i = l,2,..,n-l) by the 

n-1 ne.w .conditions H('i>,v^) = 0 (i = 1,2,. . . ,n-l) , ?/here 

are any functions piece-wise continuous .in G, It 

is not decided ^vhether the ne-w problem has a solution. However 

the expressions D(§) and ,E(§) have a lower bound, ?/hich depends 
^ 12 n-1 

on the f-unctions. v ,v ,,.,v ~ and which we shall call 

d(v^,.v^...v^^7. 

Given n-1 functions v^,v^, , .•.v”'~^; piecewise contlmous in 
and d(v^,v^,.. being the minimum or the lower boun4 ;.',; 
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of nil tho vniuos thnt the o-prosslon cn.n t-nko, lyhen $ 

is any adiiissible function ^/Mcli satisfies the conditions 


F('-i’,v } 0 (i — 1 . . . jn-l , then is equo.l to the gneotes" 

value that a (v^,v^, . . . ) con take v/hon all sets of 

adrnisoiblo fimctions ore token for , , v^”^. This 

r:aximu’ri->-niinlinui!i is attained for u = u^" and v^ = u^. 


V 


V 


2 


o 

u -",. 


n-1 


n-1 


m 


o prove the statoif’ont , vro remark first that for 


u 


(1 < i < n~l', by definition, d(v^,v^,,.. 


.n-1 


) 


h „. 


Then, wo shall shoiv that for arbitrarily chosen ^ , 

, 1 2 n-1 > 

d(v ,v ,...v ) < X . We almnly har/e to show that there is 


0 


one function saticf7/ing the conditions H(§,v ) 

(i = 1,2,... n-1), for ’.••hlch F''*! < X . ’'.'e consider a linear 

“ 1 

co^abiration of the first n eigenvalues, & = c.u . The n-1 

. i=l " 

rol''tion 3 ) = 0 give n-1 linear homogeneous oqu.ations 

for dotorinininp; the n constants c-, ,Cp, . . , ,c ; the^^ can r.lvra:/^ 

be solved. The condition Fes’) = > c = 1 gives the factor 

of prcportionalit:/. Now 


- )>• c.c.,.3(u. .u^.) , 

s 1 -i- -i- 

JL y 


but 


E(u. ,u. 0 (i ^ k) 

X iv. 


and 


S(u. ) = X. 


Fence 


n 


3 (^) = 2 -_ 


X 1 


because of 


;? = 1 and X„ > X. (i— 


1=1 


E(#) < X. 


n 
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Henoe tiio minimum d(v^, Is not greater than A^, and A 
is 1ho i‘'rcut '■;3 1 val.ue tdat the minimum can take. 

Aho maxlniuin-minimum property of eipenvalues is extremely 
usai'ul In ;,!any physical problems. It leads immediately to two 
prin.c l;,a(n. -.ihich we shall simply state here: 

1* -by str enpthenj np the conditions in a minimum problem, 
the value-' of the minimum is not decreased, and conversely by 
wcakoninp tlie conditions the minimum decreases or does not ■ 
i.icrouse. 

‘.A Go isider two minimum problems for the same domain of 
adml as I!'.:! f functions If, for each function -"p' , the 

expression to be lainimized is not smaller in the first problem 
ttian in th.o second, then the mini.mum iji the first problem is not 
sr ul 3 c''- t'l-m in the second. 

Physically, the first principle can be stated: 

/hen a vibratory system is forced to vibrate under certain 
Ir/.poser' e on i i l.i ou.h , theti the fundamental frequency and each 
harrronic ca'i onl''" increase. Conversely, when the conditions 
under which the system vibrates are weakened, the fundamental 
frequency and each harmonic can onl-y decrease. 

For further discussion of the extremum properties of 
eipenvalues we refer to ,C our ant, R. , and Hilbert, .D. , 

Ivlethoden dor kathematischen Physik, vol. 1, chapter VI. 




